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Abstrat
We give a survey on the Weierstrass representations of surfaes in
three- and four-dimensional spaes, their appliations to the theory of the
Willmore funtional and on related problems of spetral theory of the
two-dimensional Dira operator with periodi oeients.
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1 Introdution
In this paper we survey some results and problems related to global rep-
resentations of surfaes in three- and four-spaes by means of solutions to
the Dira equation and appliation of these onstrutions to a study of
the Willmore funtional and its generalizations.
This ativity started ten years ago [116℄. In this approah the Gauss
map of a surfae is represented in terms of solutions ψ to the equation
Dψ = 0
where D is the Dira operator with potentials
D =
(
0 ∂
−∂¯ 0
)
+
(
U 0
0 V
)
.
Suh a representation for surfaes in R
3
has dierent forms and some
prehistory however in this expliit form involving the Dira equation rst
it was written down for induing surfaes admitting soliton deformations
in [76℄ where these deformations were also introdued.
The appearane of an operator with a well-developed spetral theory
makes it possible to use this theory for study problems of global surfae
theory. Moreover this approah explains an importane of the Willmore
funtional sine for surfaes in R
3
it is up to a multiple is the squared
L2-norm of the potential U = V = U¯ of the operator D [116℄.
The approah to proving the Willmore onjeture for tori proposed
by us in [116, 118℄ and based on the theory of spetral urves (on one
energy level) [33℄ led to a very interesting paper by Shmidt [110℄ where a
substantial progress was ahieved however the onjeture stayed unproved.
Therewith the spetral urve of D with double-periodi potentials gives
rise a notion of the spetral urve of a torus in R
3
[118℄, in whih it is
enoded a lot of geometrial information on the surfae.
Another approah to obtaining lower bounds for the Willmore fun-
tional involved methods of the inverse spetral problem and algebrai ge-
ometry of urves and led to obtaining suh estimates whih are quadrati
in the dimension of the kernel of D. They were rst obtained for spheres of
2
revolution and some their generalizations and onjetured for all spheres
in [119℄ by using the inverse spetral problem and proved in the full gen-
erality of surfaes of all genera in [43℄ where the theory of algebrai urves
was applied in a fabulous and unusual way to surfae theory.
Later this representation was generalized for surfaes in R
4
[100, 77℄
and three-dimensional Lie groups [122, 14℄. In [28, 43℄ it was proposed
to onsider the representations of surfaes in R
3
and R
4
in the onformal
setting from the beginning. However for non-ommutative nonompat
three-dimensional groups the analogs of the Willmore funtional appear
to be of the form ∫ (
αH2 + βK̂ + γ
)
dµ
whereH is the mean urvature, K̂ is the setional urvature of the ambient
spae along the tangent pane to a surfae and dµ is the indued measure
on a surfae. We note that the funtionals of the similar form∫ (
αH2 + βK + γ
)
dµ
for surfaes in R
3
are well-known in physis as the Helfrih funtionals [62℄
(see also, for instane, [16, 92℄) and for generi values of α, β, γ are not
onformally invariant even for surfaes in R
3
. For surfaes with boundary
whih are interesting for physial appliations the term ontaining the
Gauss urvature K is not redued to a topologial term.
Although until reently these representations were applied mostly to
the problems related to the Willmore funtional and its generalizations we
think that they an be eetively used for study other problems of global
surfae theory.
2 Representations of surfaes in three- and
four-spaes
2.1 The generalized Weierstrass formulas for sur-
faes in R3
The Grassmannians of oriented 2-planes in Rn are dieomorphi to quadris
in CPn−1.
Indeed, take a 2-plane and hoose a positively oriented orthonormal
basis u = (u1, . . . , un), v = (v1, . . . , vn), i.e. |u| = |v|, (u, v) = 0, for the
plane. It is dened by a vetor y = u+ iv ∈ Cn suh that
y21 + · · ·+ y2n = [(u, u)− (v, v)] + 2i(u, v) = 0.
The plane determines suh a basis up to rotations of the plane by an angle
ϕ, 0 ≤ ϕ ≤ 2pi, whih result in transformations y → reiϕy. Therefore the
Grassmannian G˜n,2 of oriented 2-planes in R
n
is dieomorphi to the
quadri
y21 + · · ·+ y2n = 0, (y1 : . . . : yn) ∈ CPn−1,
3
where (y1 : · · · : yn) are homogeneous oordinates in CPn−1. The Grass-
mannian Gn,2 of unoriented 2-planes in R
n
is the quotient of G˜n,2 with
respet to a xed-point free antiholomorphi involution y → y¯.
Given an immersed surfae
f : Σ→ Rn
with a (loal) onformal parameter z, the Gauss map of this surfae is
Σ→ G˜n,2 : P → (x1z(P ) : . . . : xnz (P ))
where x1, . . . , xn are the Eulidean oordinates in Rn and P ∈ Σ.
There are only two ases when the Grassmannian admits a rational
parameterization:
G˜3,2 = CP
1, G˜4,2 = CP
1 × CP 1
and only in these ases we have the Weierstrass representations of surfaes.
First we onsider surfaes in R
3
.
The Grassmannian G˜3,2 is the quadri
y21 + y
2
2 + y
2
3 = 0
admitting the following rational parameterization
1
y1 =
i
2
(b2 + a2), y2 =
1
2
(b2 − a2), y3 = ab, (a : b) ∈ CP 1.
We put
ψ1 = a, ψ2 = b¯
and substitute these expressions into the formulas for xkz = yk, k = 1, 2, 3.
Sine xk ∈ R for all k, we have
Imxkzz¯ = 0, k = 1, 2, 3.
In terms of ψ this ondition takes the form of the Dira equation
Dψ =
[(
0 ∂
−∂¯ 0
)
+
(
U 0
0 U
)](
ψ1
ψ2
)
= 0, U = U¯ . (1)
Moreover if for a omplex-valued funtion f we have Im fz¯ = 0 then loally
we have f = gz where g is a real-valued funtion of the form
g =
∫
[Re fdx− Im fdy] .
We have the following theorem.
Theorem 1 1) ([76℄) If ψ meets the Dira equation (1) then the formulas
xk = xk(0) +
∫ (
xkzdz + x¯
k
zdz¯
)
, k = 1, 2, 3, (2)
1
It is well-known in the number theory as the Lagrange representation of all integer solu-
tions to the equation x2 + y2 = z2.
4
with
x1z =
i
2
(ψ¯22 + ψ
2
1), x
2
z =
1
2
(ψ¯22 − ψ21), x3z = ψ1ψ¯2 (3)
give us a surfae in R
3
.
2) ([116℄) Every smooth surfae in R
3
is loally dened by the formulas
(2) and (3).
The proof of the seond statement is given above and the proof of the
rst statement is as follows: by the Dira equation, the integrands in (2)
are losed forms and, by the Stokes theorem, the values of integrals are
independent of the hoie of a path in a simply onneted domain in C.
This representation of a surfae is alled a Weierstrass representation.
In the ase U = 0 it redues to the lassial Weierstrass (or Weierstrass
Enneper) representation of minimal surfaes.
1
∗
The following proposition is derived by straightforward omputations.
Proposition 1 Given a surfae Σ dened by the formulas (2) and (3),
1) z is a onformal parameter on the surfae and the indued metri
takes the form
ds2 = e2αdzdz¯, eα = |ψ1|2 + |ψ2|2,
2) the potential U of the Dira operator equals to
U =
Heα
2
,
where H is the mean urvature, 2 i.e. H = κ1+κ2
2
with κ1,κ2 the prinipal
urvatures of the surfae,
3) the Hopf dierential equals Adz2 = (fzz, N)dz
2
and
|A|2 = (κ1 − κ2)
2e4α
16
,
A = ψ¯2∂ψ1 − ψ1∂ψ¯2,
4) the GaussWeingarten equations take the form[
∂
∂z
−
(
αz Ae
−α
−U 0
)]
ψ =
[
∂
∂z¯
−
(
0 U
−A¯e−α αz¯
)]
ψ = 0,
5) the ompatibility onditions for the GaussWeingarten equations are
the GaussCodazzi equations whih are
Az¯ = (Uz − αzU)eα, αzz¯ + U2 − AA¯e−2α = 0
and the Gaussian urvature equals K = −4e−2ααzz¯.
1
∗
The spinor representation of minimal surfaes originates in letures of Sullivan in the late
1980s. It was suessively applied to some problems on minimal surfaes by Kusner, Shmitt,
Bobenko et al. (see [85℄ and referenes therein) and this approah deserves a omplimentary
survey.
2
We reall that the normal vetor N meets the ondition
∆f = 2HN,
where ∆ = 4e−2α∂∂¯ is the LaplaeBeltrami operator orresponding on the surfae.
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It is easy to notie that if ϕ meets the Dira equation (1) then the
vetor funtion ϕ∗ dened by the formula
ϕ =
(
ϕ1
ϕ2
)
→ ϕ∗ =
( −ϕ¯2
ϕ¯1
)
(4)
also meets the Dira equation.
Let us identify R
3
with the linear spae of 2×2 matries spanned over
R by
e1 =
(
0 −i
i 0
)
, e2 =
(
0 −1
1 0
)
, e3 =
( −1 0
0 1
)
.
We have the orthogonal representation of SU(2) on R3 whih is as follows
ek → ρ(S)(ek) = S⊤eiS = S∗ekS, k = 1, 2, 3,
S =
(
λ µ
−µ¯ λ¯
)
∈ SU(2), i.e. |λ|2 + |µ|2 = 1,
whih desends through SO(3) = SU(2)/{±1}. The following lemma is
proved by straightforward omputations:
Lemma 1 If a surfae Σ is dened by ψ via the Weierstrass representa-
tion, then
1) λψ + µψ∗ denes the surfae obtained from Σ under the transfor-
mation ρ(S) of the ambient spae R3.
2) λψ with λ ∈ R denes an image of Σ under the dilation x→ λx.
Remark. The formulas (1) and (3) were introdued in [76℄ for indu-
ing surfaes whih admit soliton deformations desribed by the modied
NovikovVeselov equation. They originate in some omplex-valued for-
mulas derived for other reasons by Eisenhart [34℄. Similar representation
for CMC surfaes in terms of the Dira operator was proposed in 1989
by Abresh (talk in Luminy). It was very soon understood that these
formulas give a loal representation of a general surfae (see [116℄; in the
proof given above we follow [122℄, later another proof was given in [47℄ and
from the physial point of view the representation was desribed in [95℄).
Moreover this representation appeared to be equivalent to the Kenmotsu
representation [75℄ whih does not involve expliitly the Dira operator.
2.2 The global Weierstrass representation
In [116℄ the global Weierstrass representation was introdued. For that
is neessary to use speial ψ1-bundles over surfaes and to onsider the
Dira operator dened on setions of bundles. In this event
• the Willmore funtional appears as the integral squared norm of the
potential U and the onformal geometry of a surfae is related to
the spetral properties of the orresponding Dira operator;
• sine it was proved in [116℄ that tori are deformed into tori by the
modied NovikovVeselov ow and this ow preserves the Willmore
funtional, the moduli spae of immersed tori is embedded into the
phase spae of an integrable system whih has the Willmore fun-
tional as an integral of motion.
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By the uniformization theorem, any losed oriented surfae Σ is on-
formally equivalent to a onstant urvature surfae Σ0 and a hoie of a
onformal parameter z on Σ xes suh an equivalene Σ0 → Σ.
Sine the quantities
ψ¯22dz, ψ
2
1dz, ψ1ψ¯2dz, e
2αdzdz¯, H = 2Ue−α
are globally dened on a surfae Σ0, this leads to the following desription:
Theorem 2 ([116, 119℄) Every oriented losed surfae Σ, immersed in
R
3
, admits a Weierstrass representation of the form (2)(3) where ψ is a
setion of some bundle E over the surfae Σ0 whih is onformally equiv-
alent to Σ and has onstant setional urvature and Dψ = 0. Moreover
a) if Σ = C∪{∞} is a sphere then ψ and U dened on C are expanded
onto the neighborhood of the innity by the formulas:
(ψ1, ψ¯2)→ (zψ1, zψ¯2), U → |z|2U as z → −z−1, (5)
and there is the following asymptoti of U :
U =
const
|z|2 +O
(
1
|z|3
)
as z →∞.
b) if Σ is onformally equivalent a torus Σ0 = R
2/Λ, then
U(z + γ, z¯ + γ) = U(z, z¯), ψ(z + γ, z¯ + γ) = µ(γ)ψ(z, z¯) for all γ ∈ Λ
where µ is the harater of Λ → {±1} whih takes values in {±1} and
determines the bundle
E
C
2
−→ Σ0
suh that (ψ1, ψ2)
⊥
is a setion of E.
) if Σ is a surfae of genus g ≥ 2, then Σ0 = H/Λ, where H is the
Lobahevsky upper-half plane and Λ is a disrete subgroup of PSL(2,R)
whih ats on H = {Im z > 0} ⊂ C as
z → γ(z) = az + b
cz + d
,
(
a b
c d
)
∈ SL(2,R).
The ψ-bundle
E
C
2
−→ Σ0
is dened by the monodromy rules
γ : (ψ1, ψ¯2)→ (cz + d)(ψ1, ψ¯2). (6)
and
U(γ(z), γ(z)) = |cz + d|2U(z, z¯).
The bundle E splits into the sum of two onjugate bundles E = E0⊕E¯0
whih setions are ψ1 and ψ2 respetively.
7
Sine PSL(2,R) = SL(2,R)/{±1}, an element γ ∈ PSL(2,R) de-
nes a monodromy up to a sign. The same situation holds for the torus.
Therefore the bundles E are alled spin bundles.
Given a onformal parameter on Σ, the potential U is xed and is
alled the potential of the representation. Moreover we have
W(Σ) = 4
∫
Σ
U2dx ∧ dy.
Any setion ψ ∈ Γ(E) suh that Dψ = 0 denes a surfae whih is gener-
ially not losed but only have a periodi Gauss map. Therewith the
Weierstrass formulas dene an immersion of the universal overing Σ˜ of
Σ. The following proposition shows when suh an immersion onverts into
an immersion a a ompat surfae.
Proposition 2 The Weierstrass representation denes an immersion of
a ompat surfae Σ if and only if∫
Σ0
ψ¯21 dz¯ ∧ ω =
∫
Σ0
ψ22 dz¯ ∧ ω =
∫
Σ0
ψ¯1ψ2 dz¯ ∧ ω = 0 (7)
for any holomorphi dierential ω on Σ0.
We see that to any immersed torus Σ ⊂ R3 with a xed onformal
parameter z it orresponds the Dira operator D with the double-periodi
potential
U = V =
Heα
2
where H is the mean urvature and e2αdzdz¯ is the indued metri.
2.3 Surfaes in three-dimensional Lie groups
For surfaes in three-dimensional Lie groups the Weierstrass representa-
tion is generalized as follows.
Let G be a three-dimensional Lie group with a left-invariant metri
and let
f : Σ→ G
be an immersion of a surfae Σ into G. We denote by G the Lie algebra
of G. Let z = x+ iy be a onformal parameter on the surfae.
We take the pullbak of TG to a G-bundle over Σ: G → E = f−1(TG) pi→
Σ, and onsider the dierential
dA : Ω
1(Σ;E)→ Ω2(Σ;E),
whih ats on E-valued 1-forms:
dAω = d
′
Aω + d
′′
Aω
where ω = udz + u∗dz¯ and
d′Aω = −∇∂¯fudz ∧ dz¯, d′′Aω = ∇∂fu∗dz ∧ dz¯.
By straightforward omputations we obtain the rst derivational equation
dA(df) = 0. (8)
8
The tension vetor τ (f) is dened via the equation
dA(∗df) = f · (e2ατ (f))dx ∧ dy = i
2
f · (e2ατ (f))dz ∧ dz¯
where f · τ (f) = 2HN , N is the normal vetor and H is the mean urva-
ture. This gives the seond derivational equation:
dA(∗df) = ie2αHNdz ∧ dz¯. (9)
Sine the metri is left invariant we rewrite the derivational equations
in terms of
Ψ = f−1∂f, Ψ∗ = f−1∂¯f
as follows:
∂Ψ∗ − ∂¯Ψ+∇ΨΨ∗ −∇Ψ∗Ψ = 0, (10)
∂Ψ∗ + ∂¯Ψ+∇ΨΨ∗ +∇Ψ∗Ψ = e2αHf−1(N). (11)
The equation (10) is equivalent to (8) and the equation (11) is equivalent
to (9).
We take an orthonormal basis e1, e2, e3 in the Lie algebra G of the
group G and deompose Ψ and Ψ∗ in this basis:
Ψ =
3∑
k=1
Zkek, Ψ
∗ =
3∑
k=1
Z¯kek.
Then the equations (10) and (11) take the form∑
j
(∂Z¯j − ∂¯Zj)ej +
∑
j,k
(ZjZ¯k − Z¯jZk)∇ejek = 0, (12)
∑
j
(∂Z¯j + ∂¯Zj)ej +
∑
j,k
(ZjZ¯k + Z¯jZk)∇ejek =
2iH
[
(Z¯2Z3 − Z2Z¯3)e1 + (Z¯3Z1 − Z3Z¯1)e2 + (Z¯1Z2 − Z1Z¯2)e3
]
.
(13)
Here we assumed that the basis {e1, e2, e3} is positively oriented and there-
fore
f−1(N) =
2ie−2α
[
(Z¯2Z3 − Z2Z¯3)e1 + (Z¯3Z1 − Z3Z¯1)e2 + (Z¯1Z2 − Z1Z¯2)e3
]
(for G = SU(2) with the Killing metri this formula takes the form
f−1(N) = 2ie−2α[Ψ∗,Ψ]). Sine the parameter z is onformal we have
〈Ψ,Ψ〉 = 〈Ψ∗,Ψ∗〉 = 0, 〈Ψ,Ψ∗〉 = 1
2
e2α
whih is rewritten as
Z21 + Z
2
2 + Z
2
3 = 0, |Z1|2 + |Z2|2 + |Z3|2 = 1
2
e2α.
Therefore, as in the ase of surfaes in R
3
, the vetor Z is parameterized
in terms of ψ as follows:
Z1 =
i
2
(ψ¯22 + ψ
2
1), Z2 =
1
2
(ψ¯22 − ψ21), Z3 = ψ1ψ¯2. (14)
9
Let us show how to reonstrut a surfae from ψ meeting the deriva-
tional equations (10) and (11). In the ase of non-ommutative Lie groups
that an not be done by the integral Weierstrass formulas.
Let ψ be dened on a surfae Σ with a omplex parameter z and Ψ
onstruted from ψ meet (10) and (11). Let us pik up a point P ∈ Σ.
We substitute ψ into the formula (14) for the omponents Z1, Z2, Z3 of
Ψ =
∑3
k=1 Zkek = f
−1∂f and solve the linear equation in the Lie group
G:
fz = fΨ,
with the initial data f(P ) = g ∈ G. Thus we obtain the desired surfae
as the mapping
f : Σ→ G.
For the group R
3
a solution to suh an equation is given by the Weierstrass
formulas (2) and (3).
From the derivation of (10) and (11) it is lear that any surfae Σ in G
is onstruted by this proedure whih is just the generalized Weierstrass
representation for surfaes in Lie groups. In this event we say that ψ
generates the surfae Σ.
Let us write down the derivational equations (10) and (11) in terms of
ψ. They are written as the Dira equation
Dψ =
[(
0 ∂
−∂¯ 0
)
+
(
U 0
0 V
)]
ψ = 0, (15)
the indued metri is given by the same formula
ds2 = e2αdzdz¯, eα = |ψ1|2 + |ψ2|2,
and the Hopf quadrati dierential Adz2 equals to
A = (ψ¯2∂ψ1 − ψ1∂ψ¯2) +
∑
j,k
ZjZk∇ej ek, N
 .
For a ompat Lie group with the Killing metri, in partiular for G =
SU(2), we have ∇ejek = −∇ekej and the Hopf dierential takes the same
form as for surfaes in R
3
: A = ψ¯2∂ψ1 − ψ1∂ψ¯2.
We onsider three-dimensional Lie groups with Thurston's geometries.
Let us reall that by Thurston's theorem [112, 126℄ all three-dimensional
maximal simply onneted geometries (X, IsomX) admitting ompat
quotients are given by the following list:
1) the geometries with onstant setional urvature: X = R3, S3, and
H3;
2) two produt geometries: X = S2 × R and H2 × R;
3) three geometries modelled on Lie groups Nil ,Sol , and S˜L2 with
ertain left invariant metris.
The group R
3
with the Eulidean metri was already onsidered above.
Hene we are left with four groups:
SU(2) = S3, Nil , Sol , S˜L2
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where Nil is a nilpotent group, Sol is a solvable group, and S˜L2 is the
universal over of the group SL2(R):
Nil =

 1 x z0 1 y
0 0 1
 , Sol =

 e−z 0 x0 ez y
0 0 1
 ,
with x, y, z ∈ R.
The ase G = SU(2) was studied in [122℄ and surfaes in the other
groups were onsidered in [14℄:
• G = SU(2):
U = V¯ =
1
2
(H − i)(|ψ1|2 + |ψ2|2),
the GaussWeingarten equations are[
∂
∂z
−
(
αz Ae
−α
−U 0
)]
ψ =
[
∂
∂z¯
−
(
0 U¯
−A¯e−α αz¯
)]
ψ = 0,
their ompatibility onditions  the GaussCodazzi equations 
take the form
αzz¯ + |U |2 − |A|2e−2α = 0, Az¯ = (U¯z − αzU¯)eα
with Adz2 the Hopf dierential:
A = ψ¯2∂ψ1 − ψ1∂ψ¯2,
• G = Nil :
U = V =
H
2
(|ψ1|2 + |ψ2|2) + i
4
(|ψ2|2 − |ψ1|2),
the GaussWeingarten equations are[
∂
∂z
−
(
αz − i2ψ1ψ¯2 Ae−α
−U 0
)]
ψ = 0,
[
∂
∂z¯
−
(
0 U
−A¯e−α αz¯ − i2 ψ¯1ψ2
)]
ψ = 0,
and the GaussCodazzi equations have the following shape
αzz¯ − |A|2e−2α + H
2
4
e2α =
1
16
(3|ψ1|4 + 3|ψ2|4 − 10|ψ1|2|ψ2|2),
Az¯ − Hz
2
e2α +
1
2
(|ψ2|4 − |ψ1|4)ψ1ψ¯2 = 0
where the Hopf dierential equals to
A = (ψ¯2∂ψ1 − ψ1∂ψ¯2) + iψ21 ψ¯22 ,
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• G = S˜L2:
U =
H
2
(|ψ1|2 + |ψ2|2) + i
(
1
2
|ψ1|2 − 3
4
|ψ2|2
)
,
V =
H
2
(|ψ1|2 + |ψ2|2) + i
(
3
4
|ψ1|2 − 1
2
|ψ2|2
)
,
the GaussWeingarten equations are written as[
∂
∂z
−
(
αz +
5i
4
ψ1ψ¯2 Ae
−α
−U 0
)]
ψ = 0,
[
∂
∂z¯
−
(
0 V
−A¯e−α αz¯ + 5i4 ψ¯1ψ2
)]
ψ = 0,
and the GaussCodazzi equations take the form
αzz¯ − e−2α|A|2 + 1
4
e2αH2 = e2α − 5|Z3|2,
∂¯
(
A+
5Z23
2(H − i)
)
=
1
2
Hze
2α + ∂¯
(
5
2(H − i)
)
Z3
2,
where
A = (ψ¯2∂ψ1 − ψ1∂ψ¯2)− 5i
2
ψ21 ψ¯
2
2 ,
• G = Sol : we onsider only domains where Z3 = ψ1ψ¯2 in whih
U =
H
2
(|ψ1|2 + |ψ2|2) + 1
2
ψ¯22
ψ¯1
ψ1
,
V =
H
2
(|ψ1|2 + |ψ2|2) + 1
2
ψ¯21
ψ¯2
ψ2
,
the GaussWeingarten equations onsist in the Dira equation and
the following system
∂ψ1 = αzψ1 + Ae
−αψ2 − 1
2
ψ¯32 , ∂¯ψ2 = −A¯e−αψ1 + αz¯ψ2 − 1
2
ψ¯31 ,
the GaussCodazzi equations are
αzz¯ − e−2α|A|2 + 1
4
e2αH2 =
1
4
(6|ψ1|2|ψ2|2 − (|ψ1|4 + |ψ2|4)),
Az¯ − 1
2
Hze
2α = (|ψ2|4 − |ψ1|4)ψ1ψ¯2
with
A = (ψ¯2∂ψ1 − ψ1∂ψ¯2) + 1
2
(ψ¯42 − ψ41).
It needs to make several explaining remarks:
1) for the last three groups the term Z3 appears in the formulas. The
diretion of the vetor e3 has dierent sense for these groups:
1a) the groups Nil and S˜L2 admit S
1
-symmetry whih is the rotation
around the geodesi drawn in the diretion of e3. This rotation together
with left shifts generate IsomG;
12
1b) for Sol the vetors e1 and e2 ommute. Therefore the equation
Z3 = ψ1ψ¯2 = 0 an be valid in an open subset B of a surfae and therewith
the Dira equation is not extended by ontinuity onto the whole surfae.
Sine H = 0 in B we put
U = V = 0 for ψ1ψ¯2 = 0 and G = Sol .
However on the boundary ∂B of the set {Z3 6= 0} the potentials USol and
VSol are not always orretly dened due to the indeterminay of
ψ¯1
ψ1
for
ψ1 = 0 and the Dira equation with given potentials is valid outside ∂B;
2) for G = R3 or SU(2) the GaussCodazzi equations are derived as
follows. We have
Rψ = (∂ −A)(∂¯ −B)ψ − (∂¯ − B)(∂ −A)ψ = (Az¯ − Bz + [A,B])ψ = 0,
where (∂ − A)ψ = (∂¯ − B)ψ = 0 are the GaussWeingarten equations
and the vetor funtion ψ∗ (see (4)) meets the same equation Rψ∗ = 0
whih together with Rψ = 0 implies that R = Az¯ − Bz + [A,B] = 0. For
other groups the equations Dψ∗ = 0 and Rψ∗ = 0 does not hold and,
in partiular, the kernel of the Dira operator an not be treated as a
vetor spae over quaternions. Therefore the GaussCodazzi equations
are derived in [14℄ by other methods;
3) in fat the Dira equations in the ase of non-ommutative groups
are nonlinear in ψ due to the onstraints on the potentials. Therefore if ψ
denes a surfae then λψ does not dene another surfae for |λ| 6= 1 sine
these groups do not admit dilations. For SU(2) the mapping (4) maps a
solution of the Dira equation to another solution of it and the analog of
part 1 of Lemma 1 holds: λψ+µψ∗, |λ|2+|µ|2 = 1, denes an image of the
initial surfae under some inner automorphism of SU(2) orresponding to
a rotation of the Lie algebra.
Let us expose some orollaries. Sine the ase G = SU(2) was well-
studied,
3
we onsider only other groups.
Theorem 3 1) Given ψ generating a minimal surfae in a Lie group, the
following equations hold:
∂¯ψ1 =
i
4
(|ψ2|2 − |ψ1|2)ψ2, ∂ψ2 = − i
4
(|ψ2|2 − |ψ1|2)ψ1 for G = Nil ,
∂¯ψ1 = i
(
3
4
|ψ1|2 − 1
2
|ψ2|2
)
ψ2, ∂ψ2 = −i
(
1
2
|ψ1|2 − 3
4
|ψ2|2
)
ψ1
for G = S˜L2,
∂¯ψ1 =
1
2
ψ¯21ψ¯2, ∂ψ2 = −1
2
ψ¯1ψ¯
2
2 for G = Sol .
2) (Abresh [4℄) If a surfae has onstant mean urvature then the
following quadrati dierential A˜dz2 is holomorphi:
A˜dz2 =
(
A+
Z3
2
2H + i
)
dz2 for G = Nil ,
3
For SU(2) the minimal surfae equations are ∂¯ψ1 = −
i
2
(|ψ1|2+|ψ2|2)ψ2, ∂ψ2 =
i
2
(|ψ1|2+
|ψ2|2)ψ1, and CMC surfaes are distinguished by the ondition Az¯ = 0.
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A˜dz2 =
(
A+
5
2(H − i)Z
2
3
)
dz2 for G = S˜L2.
3) If for a surfae in G = Nil the dierential A˜dz2 is holomorphi
then the surfae has onstant mean urvature.
It would be interesting to understand relations of formulas for on-
stant mean urvature surfaes in these groups to soliton equations. Suh
relations are well-known for suh surfaes in R
3
and SU(2).
The analogs of the statement 2) are known also for surfaes in the
produt geometries S2 × R and H2 × R [5℄. However only for surfaes in
Nil the onverse  the statement 3)  is also proved. 4
We remark that for minimal surfaes in Nil and Sol the analog of
the Weierstrass representation was obtained by other methods in [67, 68℄.
Other approahes to study surfaes in Lie groups were used in [32, 45℄.
2.4 The quaternion language and quaternioni fun-
tion theory
Pedit and Pinkall wrote the Weierstrass representation representation of
surfaes in R
3
in the quaternion language and then extended it to surfaes
in R
4
[100℄ (see some preliminary results in [69, 70, 107℄).
Indeed, the idea of using quaternions omes from the symmetry of the
kernel of the Dira operator under the transformation (4) (remark that
that holds for surfaes in R
3
and SU(2) when U = V¯ and is not valid for
surfaes in other three-dimensional Lie groups).
We identify C
2
with the spae of quaternions H as follows
(z1, z2)→ z1 + jz2 =
(
z1 −z¯2
z2 z¯1
)
and onsider two matrix operators
∂¯ =
(
∂¯ 0
0 ∂
)
, jU = j
(
U 0
0 U¯
)
=
(
0 −U¯
U 0
)
.
Here j is one the standard generators of quaternions and we have
j
2 = −1, zj = jz¯, ∂¯j = j∂.
Then the Dira equation takes the form
(∂¯ + jU)(ψ1 + jψ2) = (∂¯ψ1 − U¯ψ2) + j(∂ψ2 + Uψ1) = 0.
Sine, by (6), ψ1 and ψ¯2 are setions of the same bundle E it is worth
working in terms of quaternions to rewrite the Dira equation as
(∂¯ + jU)(ψ1 + ψ¯2j) = 0.
One may treat L = E0 ⊕ E0 as a quaternioni line bundle whose
setions take the form ψ1+ ψ¯2j and whih is endowed by some quaternion
4
After this paper was submitted for a publiation it was shown that for surfaes in G = S˜L2
and inH2×R the analogous statement does not hold: there are surfaes for whih the quadrati
differential A˜dz2 is holomorphi and whih are not CMC surfaes [42℄.
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linear endomorphism J suh that J2 = −1. In our ase J simply ats as
the right-side multipliation by j:
J : (ψ1, ψ¯2)→ (−ψ¯2, ψ¯1) or ψ1 + ψ¯2j→ (ψ1 + ψ¯2j)j = −ψ¯2 + ψ1j.
This mapping J denes for any quaternion ber a anonial splitting into
C ⊕ C (in our ase this is a splitting into ψ1 and ψ¯2). In [100, 28℄ suh a
bundle is alled a omplex quaternioni line bundle.
The Dira operator in these terms is just
Dψ = (∂¯ + jU)(ψ1 + ψ¯2j) = (∂¯ψ1 − U¯ψ2) + (∂¯ψ¯2 + U¯ ψ¯1)j
and we see that its kernel is invariant under the right-side multiplia-
tions by onstant quaternions (see Lemma 1) and thus the kernel an be
onsidered as a linear spae over H. By (6), we have an operator
D : Γ(L)→ Γ(K¯L)
where, given a bundle V , we denote by Γ(V ) the spae of setions of a
bundle V and K¯ is the bundle of 1-forms of type (0, 1), i.e., of type fdz¯,
over a surfae Σ0.
This operator, of ourse, is not linear with respet to right-side mul-
tipliations on quaternion-valued funtions and the following evident for-
mula holds:
D(ψλ) = (Dψ)λ+ ψ1(µ¯+ j∂η) + ψ¯2(−∂¯η + j∂µ),
where λ = µ+ jη = µ+ η¯j. In [100℄ this formula is written in a oordinate-
free form as
D(ψλ) = (Dψ)λ+ 1
2
(ψdλ+ Jψ ∗ dλ),
the potential U multiplied by j from the left is alled the Hopf eldQ = jU
of the onnetion D on L and the quantity
W =
∫
Σ0
|U |2dx ∧ dy
is alled the Willmore energy of the onnetion D.
Although at the beginning this quaternion language had looked very
artiial, at least to us, it led to an extension of the Weierstrass repre-
sentation for surfaes in R
4
[100℄. Later it was developed into a tool of
investigation based on working out analogies between omplex algebrai
geometry and the theory of omplex quaternioni line bundles. It appears
that that is eetively applied to a study of speial types of surfaes and
Baklund transforms between them in the onformal setting, i.e. not dis-
tinguishing between R
4
and S4 [28, 90℄. Finally this approah had led
to a fabulous extension of the Pluker type relations from omplex alge-
brai geometry onto geometry of omplex quaternioni line bundles and
appliation of that to obtaining lower bound for the Willmore funtional
[43℄ (see in 5.4). Therewith this theory deals in the same manner with
general bundles L not always oming from the surfae theory [43℄. The
bundles related to surfaes are distinguished by their degrees: it follows
from (5) and (6) that
degE0 = genus (Σ0)− 1 = g − 1.
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2.5 Surfaes in R4
The Grassmannian of oriented two-planes in R
4
is dieomorphi to the
quadri
y21 + y
2
2 + y
2
3 + y
2
4 = 0, y ∈ CP 3.
We take another oordinates in y′1, y
′
2, y
′
3, y
′
4 in C
4
:
y1 =
i
2
(y′1 + y
′
2), y2 =
1
2
(y′1 − y′2), y3 = 12(y
′
3 + y
′
4), y4 =
i
2
(y′3 − y′4).
In terms of these oordinates G˜4,2 is dened by the equation
y′1y
′
2 = y
′
3y
′
4.
It is lear that there is a dieomorphism
CP 1 × CP 1 → G˜4,2
given by the Segre mapping
y′1 = a2b2, y
′
2 = a1b1, y
′
3 = a2b1, y
′
4 = a1b2
where (a1 : a2) and (b1 : b2) are the homogeneous oordinates on dierent
opies of CP 1.
Let us parameterize xkz , k = 1, 2, 3, 4, in terms of these homogeneous
oordinates and put
a1 = ϕ1, a2 = ϕ¯2, b1 = ψ1, b2 = ψ¯2.
In dierene with the 3-dimensional situation this parameterization is
not unique even up to the multipliation by ±1 and the vetor funtions
ψ and ϕ are dened up to the gauge transformations(
ψ1
ψ2
)
→
(
efψ1
ef¯ψ2
)
,
(
ϕ1
ϕ2
)
→
(
e−fϕ1
e−f¯ϕ2
)
, (16)
where f is an arbitrary funtion. However the mappings
Gψ = (ψ1 : ψ¯2), Gϕ = (ϕ1 : ϕ¯2)
into CP 1 are orretly dened and split the Gauss map
G = (Gψ, Gϕ) : Σ→ G˜4,2 = CP 1 × CP 1.
We have the following formulas for an immersion of the surfae:
xk = xk(0) +
∫ (
xkzdz + x¯
k
zdz¯
)
, k = 1, 2, 3, 4, (17)
with
x1z =
i
2
(ϕ¯2ψ¯2 + ϕ1ψ1), x
2
z =
1
2
(ϕ¯2ψ¯2 − ϕ1ψ1),
x3z =
1
2
(ϕ¯2ψ1 + ϕ1ψ¯2), x
4
z =
i
2
(ϕ¯2ψ1 − ϕ1ψ¯2).
(18)
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Of ourse, as in the three-dimensional ase, these formulas dene a surfae
if and only if the integrands are losed forms or, equivalently,
Imxkzz¯ = 0, k = 1, 2, 3, 4.
This is rewritten as
(ϕ¯2ψ1)z¯ = (ϕ¯1ψ2)z ,
(
ϕ¯2ψ¯2
)
z¯
= − (ϕ¯1ψ¯1)z . (19)
For generi ϕ and ψ these onditions are not written in terms of Dira
equations.
However there is the following
Theorem 4 ([124℄) Let r : W → R4 be an immersed surfae with a
onformal parameter z and let Gψ = (e
iθ cos η : sin η) be one of the om-
ponents of its Gauss map.
There exists another representative ψ of this mapping Gψ = (ψ1 : ψ¯2)
suh that it meets the Dira equation
Dψ = 0, D =
(
0 ∂
−∂¯ 0
)
+
(
U 0
0 U¯
)
(20)
with some potential U .
A vetor funtion ψ = (eg+iθ cos η, eg¯ sin η) is dened from the equation
gz¯ = −iθz¯ cos2 η, (21)
whose solution is dened up to addition of an arbitrary holomorphi fun-
tion h and the orresponding potential U is dened by the formula
U = −eg¯−g−iθ(iθz sin η cos η + ηz)
up to multipliation by eh¯−h.
Given the funtion ψ, a funtion ϕ whih represents another ompo-
nent Gϕ of the Gauss map meets the equation
D∨ϕ = 0, D∨ =
(
0 ∂
−∂¯ 0
)
+
(
U¯ 0
0 U
)
. (22)
Dierent lifts into C
2×C2 of the Gauss mapping G : Σ→ CP 1×CP 1
are related by gauge transformations(
ψ1
ψ2
)
→
(
ehψ1
eh¯ψ2
)
,
(
ϕ1
ϕ2
)
→
(
e−hϕ1
e−h¯ϕ2
)
, U → exp (h¯− h)U,
(23)
where h is an arbitrary holomorphi funtion on W .
Corollary 1 Any oriented surfae in R
4
is dened by the formulas (17)
and (18) where the vetor funtions ψ and ϕ meet the equations of the
Dira type (20) and (22):
Dψ = D∨ϕ = 0.
The indued metri equals
e2αdzdz¯ = (|ψ1|2 + |ψ2|2)(|ϕ1|2 + |ϕ2|2)dzdz¯
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and the norm of the mean urvature vetor H = 2xzz¯
e2α
meets the equality
|U | = |H|e
α
2
.
Let us onsider the diagonal embedding
G˜3,2 = CP
1 → G˜4,2 = CP 1 × CP 1.
If ϕ and ψ generate a surfae and lie in the diagonal: ϕ = ±ψ, then x4 = 0
and we obtain a Weierstrass representation of the surfae in R
3
.
The formulas (17) and (18) appeared for induing surfaes in [77℄.
This orollary demonstrates that they are general although this has to
follow also from [100℄ where suh a representation was rst indiated in
the quaternion language.
We indiate two spei features of the representation of surfaes in
R
4
whih were not disussed in the previous papers:
• given a surfae, a representation is not unique and dierent repre-
sentations are related by nontrivial gauge transformations;
• a Weierstrass representation of some domain is not always expanded
onto the whole surfae and in dierene with the three-dimensional
ase it needs to solve ∂¯-problem (21) on the whole surfae to obtain
a representation of the surfae.
Indeed, take ψ and ϕ generating surfae Σ, a domain W ⊂ Σ and a
holomorphi funtion f on W whih is not analytially extended outside
W . Then by (16) we onstrut from ψ, varphi, and f a another represen-
tation of W whih is not expanded outside W .
Example. Lagrangian surfaes in R
4
.
We expose the Weierstrass representation of Lagrangian surfaes in R
4
obtained by Helein and Romon [61℄. A redution of the formulas (18) to
the formulas from [61℄ was demonstrated by Helein [59℄).
Let us take the following sympleti form on R
4
:
ω = dx1 ∧ dx2 + dx3 ∧ dx4.
We reall that an n-dimensional submanifold Σ of a 2n-dimensional sym-
pleti manifoldM2n with a sympleti form ω is alled Lagrangian if the
restrition of ω onto Σ vanishes:
ω|Σ = 0.
This means that at any point x ∈ Σ the restrition of ω onto the tangent
spae TxΣ vanishes, i.e., TxΣ is a Lagrangian n-plane in R
2n
.
The ondition that a 2-plane is Lagrangian in R4 is written as
Im (y1y¯2 + y3y¯4) = 0
or
|y′1|2 − |y′2|2 − |y′3|2 + |y′4|2 = 0.
In terms of a1, a2, b1, and b2 it takes the form
|b1|2 = |b2|2.
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Hene the Grassmannian of Lagrangian 2-planes in R4 is the produt of
manifolds
GLag4,2 = CP
1 × S1
where CP 1 is parameterized by (a1 : a2) and S
1
is parameterized by
β =
1
i
log
b1
b2
mod 2pi.
This quantity β is alled the Lagrangian angle. We onlude that a surfae
is Lagrangian if and only if
|ψ1| = |ψ2|
in its Weierstrass representation. Let us put
s =
(
eiβ√
2
,
1√
2
)
, (s1 : s2) = (ψ1 : ψ¯2) ∈ CP 1
and apply Theorem 4. We obtain the following formulas:
g = − iβ
2
, U = −1
2
βz, ψ1 = ψ2 =
1√
2
eiβ/2.
For any solution ϕ to the equation D∨ϕ = 0, we obtain a Lagrangian
surfae dened by ψ and ϕ via (18. Moreover all Lagrangian surfaes are
represented in this form.
Let
f : Σ→ R4
be an immersion of an oriented losed surfae in R
4
. By Theorem 4, this
surfae is loally dened by the formulas (17) and (18). A globalization is
similar to the ase of surfaes in R
3
and on the quaternion language was
desribed in [100, 28℄ however to obtain it one has to solve a ∂¯-problem
of the surfae [124℄:
Proposition 3 Given a Weierstrass representation of an immersion of
an oriented losed surfae Σ into R4, the orresponding funtions ψ and
ϕ are setions of the C2-bundles E and E∨ over Σ whih are as follows:
1) E and E∨ split into sums of pair-wise onjugate line bundles
E = E0 ⊕ E¯0, E∨ = E∨0 ⊕ E¯∨0
suh that ψ1 and ψ¯2 are setions of E0 and ϕ1 and ϕ¯2 are setions of E
∨
0 ;
2) the pairing of setions of E0 and E
∨
0 is a (1, 0) form on Σ: if
α ∈ Γ(E0), β ∈ Γ(E∨0 ),
then
αβdz
is a orretly dened 1-form on Σ;
3) the Dira equation Dψ = 0 implies that U is a setion of the same
line bundle EU as
∂γ
α
∈ Γ(EU ) for α ∈ Γ(E0), γ ∈ Γ(E¯0)
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and UU¯dz ∧ dz¯ is a orretly dened (1, 1)-form on Σ whose integral over
the surfae equals ∫
Σ
UU¯dz ∧ dz¯ = − i
2
W(Σ)
where W(Σ) = ∫
Σ
|H|2dµ is the Willmore funtional.
The gauge transformation (23) show that in dierene with the three-
dimensional ase ψ are not neessarily setions of spin bundles.
For tori we derive from Theorem 4 the following result.
Theorem 5 ([124℄) Let Σ be a torus in R4 whih is onformally equiv-
alent to C/Λ and z is a onformal parameter on it.
Then there are vetor funtions ψ and ϕ and a funtion U on C suh
that
1) ψ and ϕ give a Weierstrass representation of Σ;
2) the potential U of this representation is Λ-periodi;
3) funtions ψ, ϕ, and U meeting 1) and 2) are dened up to gauge
transformations(
ψ1
ψ2
)
→
(
ehψ1
eh¯ψ2
)
,
(
ϕ1
ϕ2
)
→
(
e−hϕ1
e−h¯ϕ2
)
, U → eh¯−hU (24)
where
h(z) = a+ bz, Im (bγ) ∈ piZ for all γ ∈ Λ.
As in the ase of surfaes in R
3
in general the vetor funtions ψ and
ϕ dene an immersion of the universal overing surfae Σ˜ of a surfae Σ
into R
4
.
Proposition 4 An immersion of Σ˜ onverts into an immersion of Σ if
and only if∫
Σ
ψ¯1ϕ¯1dz¯ ∧ ω =
∫
Σ
ψ¯1ϕ2dz¯ ∧ ω =
∫
Σ
ψ2ϕ¯1dz¯ ∧ ω =
∫
Σ
ψ2ϕ2dz¯ ∧ ω = 0
(25)
for any holomorphi dierential ω on Σ.
For ψ1 = ±ϕ1, ψ2 = ±ϕ2 the formula (25) redues to (7).
3 Integrable deformations of surfaes
3.1 The modified NovikovVeselov equation
The hierarhy of modied NovikovVeselov (mNV) equations was intro-
dued by Bogdanov [20, 21℄ and eah equation from the hierarhy takes
the form of Manakov's L,A,B-triple
∂L
∂tn
= [L,An]−BnL,
where L = D is the Dira operator
L =
(
0 ∂
−∂¯ 0
)
+
(
U 0
0 U
)
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and An and Bn are matrix dierential operators suh that the highest
term of An takes the form
An =
(
∂2n+1 + ∂¯2n+1 0
0 ∂2n+1 + ∂¯2n+1
)
+ . . . .
In dierene with L,A-pairs, L,A,B-triple preserves only the zero en-
ergy level of L deforming the orresponding eigenfuntions. Indeed, we
have
∂Lψ
∂t
= Ltψ + Lψt = L[(A+ ∂t)ψ]− (A+B)[Lψ].
Therefore if ψ meets the equation
∂ψ
∂t
+ Aψ = 0 (26)
and Lψ0 = 0 for the initial data ψ0 = ψ|t=t0 of this evolutionary equation
then
Lψ = 0
for all t ≥ t0.
For n = 1 we have the original mNV equation
Ut =
(
Uzzz + 3UzV +
3
2
UVz
)
+
(
Uz¯z¯z¯ + 3Uz¯V¯ +
3
2
UV¯z¯
)
(27)
where
Vz¯ = (U
2)z. (28)
We see that if the initial Cauhy data U |t=0 is a real-valued funtion then
the solution is also real-valued. In the ase when U |t=0 depends only on
x we have U = U(x, t) and the mNV equation redues to the modied
Kortewegde Vries equation
Ut =
1
4
Uxxx + 6UxU
2
(29)
(here V = U2).
This redution explains the name sine Novikov and Veselov had in-
trodued in [129, 130℄ a hierarhy of (2 + 1)-dimensional soliton equa-
tions whih take the form of L,A,B-triples for salar operators with
L = ∂∂¯ + U , the two-dimensional Shrodinger operator, and redues in
(1 + 1)-limit to the Kortewegde Vries equation. The original Novikov
Veselov equation takes the form
Ut = Uzzz + Uz¯z¯z¯ + (V U)z + (V¯ U)z¯, Vz¯ = 3Uz
and its derivation was later modied by Bogdanov for deriving the mNV
equation.
It from the formulas (2) and (3) of the Weierstrass representation that
just the zero energy level of the Dira operator relates to surfaes in R
3
.
This leads to the following
21
Theorem 6 ([76℄) Let U(z, z¯, t) be a real-valued solution to the mNV
equation (27). Let Σ be a surfae onstruted via the Weierstrass repre-
sentation (2) and (3) from ψ0 suh that ψ0 meets Dira equation Dψ0 = 0
with the potential U = U(z, z¯, 0). Let ψ(z, z¯, t) be a solution to the equa-
tion (26) with ψ|t=0 = ψ0.
Then the surfaes Σ(t) onstruted from ψ(z, z¯, t) via the Weierstrass
representation give a soliton deformation of the surfae Σ.
The deformation given by this theorem is alled the mNV deformation
of a surfae.
Of ourse, this theorem holds for all equations of the mNV hierarhy.
The reursion formula for them is still unknown and the next equations
are not written expliitly down until reently exept the ase n = 2 [116℄.
Finite gap solutions to the mNV equations are onstruted in [120℄ (see
also [121℄).
It was established in [116℄ that this deformation has a global meaning
for tori and preserves the Willmore funtional.
Theorem 7 ([116℄) The mNV deformation evolves tori into tori and
preserves their onformal lasses and the values of the Willmore fun-
tional.
The proof of this theorem is as follows. To orretly dene this de-
formation we need to resolve the onstraint (28) and for tori that an be
done globally as it was shown in [116℄. We have to take a solution V to
(28) normalized by the ondition that∫
Σ
V dz ∧ dz¯ = 0.
The form (U2)tdz ∧ dz¯ is an exat form on a torus Σ:
UUt =
(
UUzz − U
2
z
2
+
3
2
U2V
)
z
+
(
UUz¯z¯ − U
2
z¯
2
+
3
2
U2V¯
)
z¯
and therefore the Willmore funtional is preserved:
d
dt
∫
Σ
U2dz ∧ dz¯ =
∫
Σ
(U2)tdz ∧ dz¯ = 0.
The at struture on a torus admits us to identify dierentials with pe-
riodi funtions. For instane, formally U2dzdz¯ is a (1, 1)-dierential and
V dz2 is a quadrati dierential. This is impossible for surfaes of higher
genus and therefore that persists to dene globally the mNV deformations
of suh surfaes.
Some attempt to redene soliton deformations in ompletely geometri-
al terms was done in [29℄. Finally it did not manage to avoid introduing
a parameter on a surfae however some interesting geometrial properties
of the deformations were revealed.
After papers [76, 116℄ in the framework of ane and Lie sphere geom-
etry some other soliton deformations of surfaes with geometrial onser-
vation laws were introdued and studied in [78, 41, 22℄.
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3.2 The modified Kortewegde Vries equation
In the ase when U depends only on x = Re z the Dira equation Dψ = 0
for funtions of the form
ψ(z, z¯) = ϕ(x) exp
(
iy
2
)
(30)
redues to the ZakharovShabat problem
Lϕ = 0, L =
[(
0 1
−1 0
)
d
dx
+
(
q −ik
−ik q
)]
, q = 2U,
for k = i
2
.
Notie that for surfaes of revolution the funtion ψ takes the form (30)
in some onformal oordinate z = x+iy where y is the angle of revolution.
However there are many other surfaes with inner S1-symmetry for whih
the potential U depends only on x. The funtion ϕ is periodi for tori of
revolution and is fast deaying for spheres of revolution ([119℄).
The operator L is assoiated with the modied Kortewegde Vries
hierarhy of soliton equations whih admit the L,A-pair representation
dL
dt
= [L,An].
The simplest of them is
qt = qxxx +
3
2
q2qx, n = 1,
qt = qxxxxx +
5
2
q2qxxx + 10qqxqxx +
5
2
q3x +
15
8
q4qx, n = 2.
The rst of them oinides with the redution (29) of the mNV equation
after substituting q → 4U and resaling the temporary parameter t→ 4t.
In fat, the mKdV hierarhy is the redution of the mNV hierarhy for
U = U(x).
We see that in the mKdV ase we have no onstraints of type (28) and
may easily dene mKdV deformations of surfaes of revolution. Moreover
in this ase there is a reursion formula for higher equations:
∂q
∂tn
= Dnqx, D = ∂
2
x + q
2 + qx∂
−1
x q.
Let us introdue the KruskalMiura integrals. Their densities Rk are
dened by the following reursion proedure:
R1 =
iqx
2
− q
2
4
, Rn+1 = −Rnx −
n−1∑
k=1
RkRn−k.
It is shown that R2n are full derivatives and only the integrals
Hk =
∫
R2k−1dx
dot not vanish identially.
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Theorem 8 ([117℄) For every n ≥ 1 the n-th mKdV equation transforms
(as the redution of the mNV deformation) tori of revolution into tori of
revolution preserving their onformal types and the values of Hk, k ≥ 1.
A proof of the analogous theorem for spheres of revolution (they are
studied in [119℄) is basially the same as for tori.
We note that the preservation of tori is not a trivial fat. This L
operator also omes into the L,A-pair representation of the sine-Gordon
equation and, thus, this equation also indues a deformation of surfaes
of revolution. However this deformation loses up tori into ylinders.
We see that
H1 = −1
4
∫
q2dx = −4
∫
U2dx = − 2
pi
∫
U2dx ∧ dy
and therefore the rst KruskalMiura integral is proportional to the Will-
more funtional. The next integrals are
H2 =
1
16
∫
(q2 − 4q2x)dx, H3 = 1
32
∫
(q6 − 20q2q2x + 8qxx2)dx.
It is interesting
what are the geometrial meanings of the funtionals Hk and what are
extremals of these funtionals on ompat surfaes of revolution?
The mKdV deformations of surfaes of revolution determine deforma-
tions of the revolving urves in the upper half plane. geometry of suh
deformations and therewith an interplay between reursion relations and
urve geometry were studied in [88, 50℄.
3.3 The DaveyStewartson equation
The mNV equations are themselves redutions for U = −p = q¯ of the
DaveyStewartson equations represented by L,A,B-triples with
L =
(
0 ∂
−∂¯ 0
)
+
( −p 0
0 q
)
.
Atually this redution of the DaveyStewartson (DS) equations give more
equations whih are of the form
Ut = i
(
∂2nU + ∂¯2nU
)
+ . . .
and
Ut = ∂
2n+1U + ∂¯2n+1U + . . .
for n ≥ 1. The rst series does not preserve the reality ondition U = U¯
and the seond series for U = U¯ redues to the mNV hierarhy.
The rst two of these equations are the DS2 equation
Ut = i(Uzz + Uz¯z¯ + 2(V + V¯ )U) (31)
where
Vz¯ = ∂(|U |2) (32)
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and the DS3 equation (whih is sometimes alled the DaveyStewartson
I equation)
Ut = Uzzz + Uz¯z¯z¯ + 3(V Uz + V¯ Uz¯) + 3(W +W
′)U (33)
where
Vz¯ = (|U |2)z, Wz¯ = (U¯Uz)z, W ′z = (U¯Uz¯)z¯. (34)
The DaveyStewartson equations govern soliton deformations of sur-
faes in R
4
. As for the ase for surfaes in R
3
suh deformations were
introdued by Konopelhenko who proved in [77℄ the orresponding ana-
log of Theorem 6.
However in this ase there are two spei problems:
1) As we already mentioned in 2.5 the Weierstrass representation
of a surfae in R
4
is not unique. Does the DS deformations of surfaes
geometrially dierent for dierent representations?
2) The onstraints for the DS equations are more ompliated and how
to resolve the onstraints (32) and (34) to obtain global deformations of
losed surfaes?
These problems we onsidered in [124℄.
The answer to the rst question demonstrates a big dierene from
the mNV deformation:
• the DS deformations are orretly dened only for surfaes with
xed potentials U of their Weierstrass representations and for dif-
ferent hoies of the potentials suh deformations are geometrially
dierent.
It would be interesting to understand the geometrial meanings of
these dierent deformations of the same surfae.
The seond question is answered by the following analog of Theorem
7:
Theorem 9 1) Given V uniquely dened by (32) and the normalization
ondition
∫
V dz ∧ dz¯ = 0, the DS2 equation indues deformation of tori
into tori preserving their onformal lasses and the values of the Willmore
funtional.
2) For
Vz¯ = (|U |2)z,
∫
V dz ∧ dz¯ = 0, W = ∂∂¯−1(u¯uz), W ′ = ∂¯∂−1(u¯uz¯)
(35)
the DS3 equation governs a deformation of tori into tori whih preserves
their onformal lasses and the Willmore funtional.
The surfae is deformed via deformations of ψ and ϕ and suh de-
formations involve the operators A from the L,A,B-triple. There muh
more additional potentials oming in A and the DS equations as it is ex-
plained in [77℄. We do not explain here the redutions in the formula for
A whih are neessary to save losedness of surfaes under deformations.
We only mention that the formula (34) denes the periodi potentials W
and W ′ up to onstants and the formula (35) normalizes these onstants.
This normalization is neessary for preserving the Willmore funtional.
The resolution of the onstraints is exposed in [124℄ and we refer to this
paper for all details.
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4 Spetral urves
4.1 Some fats from funtional analysis
Given a domain Ω ⊂ Rn, denote by Lp(Ω) and W kp the Sobolev spaes
whih are the losures of the spae of nite smooth funtions on Ω with
respet to the norms
‖f‖p =
∫
Ω
|f(x)|pdx1 . . . dxn
and
‖f‖k,p =
∑
0≤l1+···+ln=l≤k
∫
Ω
∣∣∣∣ ∂lf∂l1x1 . . . ∂lnxn
∣∣∣∣p dx1 . . . dxn.
For a torus Tn = Rn/Λ we denote by Lp(T
n) and W kp (T
n) the analogous
Sobolev spaes formed by Λ-periodi funtions. Therewith the integrals
in the denitions of norms are taken over ompat fundamental domains
of the translation group Λ.
Proposition 5 Given a ompat losed domain Ω in Rn or a torus, we
have
• (Rellih) there is a natural ontinuous embedding W kp (Ω) → Lp(Ω)
whih is ompat for k > 0;
• (Holder) a multipliation by u ∈ Lp is a bounded operator from Lq
to Lr with ‖uv‖r ≤ ‖u‖p‖v‖q , 1p + 1q = 1r ;
• (Sobolev) there is a ontinuous embedding W 1p (Ω) → Lq(Ω), q ≤
np
n−p whose norm is alled the Sobolev onstant;
• (Kondrashov) for q < np
n−p the Sobolev embedding is ompat.
We shall denote the spae of two-omponent vetor funtions on a
torus M = R2/Λ by
Lp = Lp(M)× Lp(M), W kp =W kp (M)×W kp (M)
in dierene with the spaes of salar funtions L2(M) and W
1
p (M).
Let H be a Hilbert spae. An operator A : H → H is ompat if for
the unit ball B = {|x| < 1 : x ∈ H} the losure of its image A(B) is
ompat. The spetrum SpecA of a ompat operator A is bounded and
an have a limit point only at zero.
Given a Hilbert spae H and an operator A (not neessarily bounded)
denote by R(λ) the resolvent of A. It is a operator penil :
R(λ) = (A− λ)−1
with singularities at SpecA and holomorphi in λ outside SpecA.
The Hilbert identity reads
R(µ)R(λ) =
1
µ− λ (R(λ)−R(µ)), (36)
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or in another notation it is
1
A− µ
1
A− λ =
1
µ− λ
(
1
A− λ −
1
A− µ
)
.
Given a resolvent dened in some domain in C, we may extend it onto C
by using the following onsequene of the Hilbert identity:
R(µ) = R(λ)((µ− λ)R(λ) + 1)−1
(notie that R(λ)R(µ) = R(µ)R(λ)).
Proposition 6 If R(λ) is ompat for λ = λ0 and holomorphi in λ near
λ0 then
1) R(µ) is ompat for any µ ∈ C \ SpecA and the resolvent has poles
in points from SpecA;
2) R(λ) is holomorphi in C \ SpecA.
4.2 The spetral urve of the Dira operator with
bounded potentials
In this setion we explain the sheme of proving the existene of a spetral
urve of the dierential operator with periodi oeients whih we used
[118℄ for the ase of Dira operators with bounded potentials. This ase
overs all Dira operators orresponding to immersed tori in R
3
.
Let
D =
(
0 ∂
−∂¯ 0
)
+
(
U 0
0 V
)
= D0 +
(
U 0
0 V
)
.
Here we denote by D0 the free Dira operator:
D0 =
(
0 ∂
−∂¯ 0
)
. (37)
A Floquet eigenfuntion ψ of the operator D with the eigenvalue (or
the energy) E is a formal solution to the equation
Dψ = Eψ
whih satises the following periodiity onditions:
ψ(z + γj , z¯ + γj) = e
2pii(k,γj )ψ(z, z¯) = µ(γj)ψ(z, z¯), j = 1, 2,
where
(k, γj) = k1γ
1
j + k2γ
2
j , γj = γ
1
j + iγ
2
j ∈ C = R2, k = (k1, k2).
The quantities k1, k2 are alled the quasimomenta of ψ and (µ1, µ2) =
(µ(γ1), µ(γ2)) are the multipliers of ψ.
Let us represent a Floquet eigenfuntion ψ as a produt
ψ(z, z¯) = e2pii(k1x+k2y)ϕ(z, z¯), z = x+ iy, x, y ∈ R,
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with a Λ-periodi funtion ϕ(z, z¯). The equation Dψ = Eψ takes the form[(
0 ∂
−∂¯ 0
)
+
(
U pii(k1 − ik2)
−pii(k1 + ik2) V
)](
ϕ1
ϕ2
)
= E
(
ϕ1
ϕ2
)
.
We have an operator penil
D(k) = D + Tk (38)
where
Tk =
(
0 pii(k1 − ik2)
−pii(k1 + ik2) 0
)
. (39)
This penil depends analytially on parameters k1, k2.
We see that to nd a Floquet eigenfuntion ψ with the quasimomenta
k1, k2 and the energy E is the same as to nd a periodi solution ϕ to the
equation
D(k)ϕ = Eϕ.
We onsider solutions to this equation from L2.
We take a value of E0 suh that the operator (D0−E0) is inverted on
L2, i.e. there exists the inverse operator
(D0 − E0)−1 : L2 →W 12 .
We represent ϕ in the form
ϕ = (D0 −E0)−1f
and substitute this expression into the equation
(D(k)− E)ϕ = 0
arriving at the following equation:
(1 + A(k,E))f = 0, f ∈ L2,
with
A(k,E) =
(
U + (E0 − E) pii(k1 − ik2)
−pii(k1 + ik2) V + (E0 − E)
)
(D0 − E0)−1 =
= B(k,E)(D0 − E0)−1.
Finally the problem of existene of Floquet funtions with the quasi-
momenta k and the energy E redues to the solvability of the equation
(1 + A(k,E))f = 0
in L2. Let us notie that the operator A(k,E) is deomposed in the
following hain of operators:
L2
(D0−E)−1−→ W 12 embedding−→ L2 multiplication−→ L2. (40)
The rst mapping is ontinuous, the seond mapping is ompat, and,
assuming that the potentials U and V are bounded, the third mapping
whih is the multipliation by B(k,E) is ontinuous. Therefore, we have
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Proposition 7 Given bounded potentials U and V , the analyti penil of
operators A(k,E) : L2 → L2 onsists of ompat operators.
Now we an use the Keldysh theorem [73, 74℄ whih is the Fredholm
alternative for analyti operator penils of the form [1+A(µ)] where A(µ)
is a ompat operator for every µ. It reads that
• the resolvent of a penil [1 + A(µ)] : H → H where A(µ) is an
analyti penil of ompat operators is a meromorphi funtion of
µ. Its singularities whih orrespond to solutions of the equation
(1+A(µ))f = 0 form an analyti subset Q in the spae of parameters
µ.
In the sequel we onsider only Floquet funtions with E = 0.
For the operator D with potentials U, V we have µ = (k, E) ∈ C3 and
we put
Q0(U,V ) = Q ∩ {E = 0}. (41)
This set is invariant under translations by vetors from the dual lattie
Λ∗ ⊂ R2 = C:
k1 → k1 + η1, k2 → k2 + η2.
We reall that the dual lattie onsists of vetors η = η1 + iη2 suh that
(η, γ) = η1γ
1 + η2γ
2
for any γ = γ1 + iγ2 ∈ Λ.
The spetral urve is dened as
Γ = Q0(U, V )/Λ
∗.
Remark. It is easy to notie that the omposition of the operator
(D(k) − E)−1 = (D0 − E0)−1(1 +A(k,E))−1 : L2 → W 12
and the anonial embedding W 12 → L2 is the resolvent R(k,E) of the
operator
D(k) = D +
(
0 pii(k1 − ik2)
−pii(k1 + ik2) 0
)
.
The intersetion of the set of poles of R(k,E) with the plane E = 0 is the
set Q0(U, V ).
We arrive at the following denitions:
• the spetral urve Γ of the operator D with potentials U and V
is the omplex urve Q(U,V )/Λ∗ onsidered up to biholomorphi
equivalene;
• on Γ there is dened the multiplier mapping, whih is a loal em-
bedding near a generi point:
M : Γ→ C2 : M(k) = (µ1, µ2) = (e2pii(k,γ1), e2pi(k,γ2)),
where γ1, γ2 are generators of Λ ⊂ C and (k, γj) = k1Re γj +
k2Im γj , j = 1, 2.
5
;
5
This a mapping depends on a hoie of generators γ1, γ2. if the basis γ1, γ2 is replaed by
another basis γ˜1 = aγ1 + bγ2, γ˜2 = cγ1 + dγ2, then M = (µ1, µ2) is transformed as follows
M→ M˜ = (µa1 µ
b
2, µ
c
1 µ
d
2). (42)
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• to every point of Γ there is attahed the spae of Floquet funtions
with given multipliers. The dimension of suh spaes, in general,
jumps at singular points of Γ.
Proposition 8 Let k = (k1, k2) be the quasimomenta of a Floquet fun-
tion of D.
1) If U = V¯ , Γ admits an antiholomorphi involution τ : k → −k¯.
2) If U = U¯ and V = V¯ , Γ admits an antiholomorphi involution
k → k¯.
3) If U = U¯ = V , then the omposition of involutions from 1) and 2)
gives a holomorphi involution σ : k → −k.
Suh onditions are usual for spetral urves (see, for instane, the
ase of a potential Shrodinger operator in [129, 130℄) and for the Dira
operator are explained in [110, 120, 121℄. The simplest of them is the rst
one whih is proved by the following evident lemma.
Lemma 2 If U = V¯ , then the transformation ϕ→ ϕ∗ given by (4) maps
Floquet funtions into Floquet funtions hanging the quasimomenta as
follows: k → −k¯.
Let us denote by Γnm the normalization of Γ. The Riemann surfae Γ
is not algebrai but a omplex spae for whih the existene of a normal-
ization was proved in [51℄. Sine we are in a one-dimensional situation all
singular points are isolated and the normalization is as follows:
1) if a point P ∈ Γ is reduible, i.e. several branhes of Γ interset at
P , then these branhes are unstaked;
2) for an irreduible singular point P the normalization Γnm → Γ is a
loal homeomorphism near P given in terms of loal parameters by some
series
k1 = t
a + . . . , k2 = t
b + . . . , a > 1, b > 1.
Here t is a loal oordinate near P on Γnm.
If there are no reduible singular points then the normalization map
Γnm → Γ is a homeomorphism.
The genus of the omplex urve Γnm is alled the geometri genus of
Γ and is denoted by pg(Γ). It is said that an operator is nite gap (on the
zero energy) level if pg(Γ) <∞.
The analog of the arithmeti genus for Γ whih omes into theorems
of the RiemannRoh type is always innite: pa(Γ) =∞.
We have
• nonsingular points of the normalized spetral urve Γnm parameter-
ize (up to multiples) the Floquet funtions ψ, Dψ = 0. In dierene
with Γ the one-to-one parameterization property fails only in nitely
many singular points.
6
In 4.7 we argue that in the ase when the genus of Γnm is nite it is
better to replae Γnm by a urve Γψ whose denition involves the Baker
Akhiezer funtion of D.
6
This follows from the asymptotial behavior of the spetral urve (see 4.3).
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Example. The spetral urve for U = V = 0 (the free oper-
ator). For simpliity, we assume that Λ = Z+ iZ. The Floquet funtions
are as follows
ψ+ = (eλ+z, 0), ψ− = (0, eλ−z¯)
and are parameterized by a pair of omplex line with parameters λ+ and
λ−. These omplex lines form the normalized spetral urve Γnm. Sine
it is of nite genus we ompatify it by two points at innities suh that
ψ has exponential singularities at these points. The quasimomenta of of
these funtions are
k1 =
λ+
2pii
+ n1, k2 =
λ+
2pi
+ n2, for ψ
+,
k1 =
λ−
2pii
+m1, k2 = −λ−
2pi
+m2, for ψ
−,
where mj , nj ∈ Z. The funtions ψ+ and ψ− have the same multipliers
at the points
λm,n+ = pi(n+ im), λ
m,n
− = pi(n− im), m, n ∈ Z,
whih form the resonane pairs. The omplex urve Γ is obtained from two
omplex lines after the pair-wise identiation of points from resonane
pairs.
Remark. Spetral urve and the KadomtsevPetviashvili
equation. We exposed above the sheme whih we used for dening
the spetral urves of dierential operators with periodi oeients in
1985 (this paper was never published although it is referred in [81℄). Very
similar sheme as we had known later was used by Kuhment [82℄ (see
also [83℄). However some observation about the KadomtsevPetviashvili
equations done in that time is worth to be mentioned. Atually there are
two KadomtsevPetviashvili (KP) equations
∂x(ut + 6uux + uxxx) = −3ε2uyy
with ε2 = ±1. For ε = i it is alled the KPI equation and for ε = 1
it is alled the KPII equation. From the point of view of physis these
equations are drastially dierent. Both these equations admit similar
L,A-pair representations L˙ = [L,A] with the L operator
L = ε∂y + ∂
2
x + u.
Here the potential u is double-periodi or, whih is the same, dened on
some torus R
2/Λ. The free operator equals L0 = ε∂y − ∂2 and to prove
the existene of the spetral urve by the sheme used above we need to
take the inverse operator
(L0 − E0)−1 : L2 → W 2,12
where W 2,12 is the spae of funtions on the torus suh that u, ux, uxx, and
uy lie in L2. For simplifying omputations, we onsider the ase when Λ
is generated by (2pi, 0) and (0, 2piτ−1). Then the Fourier basis in L2 is
formed by the funtions
ei(kx+lτy), k, l ∈ Z.
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In this basis the operator (L0 − E0) is diagonal and we have
(L0 − E0)ei(kx+lτy) = (iεlτ − k2 − E0)ei(kx+lτy).
Sine ε = 1 for KPII, we have for E0 > 0 a bounded operator
(L0 − E0)−1ei(kx+lτy) = 1
ilτ − k2 − E0 e
i(kx+lτy).
It is easy to hek that if ε = i then for any E0 either the operator (L0−E0)
is not inverted or its inverse is unbounded. That takes the ase for any
lattie Λ. One an dedue from these reasonings that for the operator
L = i∂y + ∂
2
x + u the spetral urve does not exist. For the heat operator
L = ∂y + ∂
2
x + u it exists and is preserved by the KPII equation.
The spetral urve of a two-dimensional periodi dierential operator
L on the zero energy level was rst introdued in the paper by Dubrovin,
Krihever, and Novikov [33℄ in the ase of Shrodinger operator, where it
is showed that
1) the periodi operator whih is nite gap on the zero energy level is
reonstruted from some algebrai data inluding this urve;
7
2) this urve is the rst integral of the deformations of L governed by
the L,A,B-triples.
Proposition 9 ([33℄) Let L be a two-dimensional periodi dierential
operator, Γ be its spetral urve, and M be the multiplier mapping.
Let we have the evolution equation
∂L
∂t
= [L,A]−BL
suh that the operator A is also periodi. Then this deformation of L
preserves Γ and M.
This result generalizes the onservation law for the spetral urve of
a one-dimensional operator L deformed via the L,A-pair type equation
∂L
∂t
= [L,A] (this was rst established for the periodi KdV equation by
Novikov in [98℄).
This proposition follows from the deformation equation ψt + Aψ = 0
for the Floquet funtions whih preserves the multipliers (see 3.1 and
the equation (26)). The onservation of the zero level spetrum was rst
indiated by Manakov in [93℄ where the L,A,B-triples were introdued.
Corollary 2 The spetral urve Γ and the multiplier mapping M of the
periodi Dira operator D are preserved by the modied NovikovVeselov
and DaveyStewartson equations.
For the mKdV deformations we have two spetral urves: Γ dened for
the two-dimensional Dira operator and Γ′ dened for a one-dimensional
operator LmKdV whih omes into the ZakharovShabat problem (see
3.2) and the L,A-pair representation for the mKdV equation. These
omplex urves are related by the anonial branhed two-overing Γ→ Γ0
[120℄ and both of them are by the mKdV equation. The omplex urve Γ0
is uniquely reonstruted from the KruskalMiura integrals Hk, k = 1, . . . ,
whih are also rst integrals of the mKdV equation.
7
For the Dira operator D see the reonstrution formula 51 and its derivation in [123℄
and 4.7.
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4.3 Asymptoti behavior of the spetral urve
The spetral urve of D is a perturbation of the spetral urve of the
free operator D0. Although this perturbation ould be rather strong in a
bounded domain |k| ≤ C, outside this domain it results just in a trans-
formation of double points orresponding to resonane pairs into handles.
Moreover the size of a handle is dereasing as |k| → ∞ and is estimated
in terms of the perturbation.
Thus we have
1) a ompat part Γ0 = Q0 ∩ {|k| ≤ C} whose boundary onsists in a
pair of irles;
2) a omplex urve Γ∞ obtained from the planes k1 = ik2 and k1 =
−ik2 by removing the domains with {|k| ≤ C} and transforming some of
double points orresponding to resonane pairs into handles;
3) Γ0 and Γ∞ are glued along their boundaries;
4) Γ has two ends at whih M(Γ) behaves asymptotially as in the
ase of the free operator.
This omplex urve is the urve obtained from Γ by unstuking double
points whih orrespond to resonant pairs and survive the perturbation.
We denote it again by Γ.
The operator is nite gap (on the zero energy level) if under the per-
turbation D0 → D only nitely many double points are transformed into
handles.
This piture is typial in soliton theory where the spetral urve of
some operator with potentials is a perturbation of the spetral urve of
the orresponding free operator and therewith the perturbation is small
for large values of quasimomenta. It was rigorously established for the
two-dimensional Shrodinger operator by Krihever [81℄ who used pertur-
bation theory. In [122℄ we proposed to larify this geometrial piture for
the Dira operator by using same methods and formulated the expeted
statement as Pretheorem.
The theory of spetral urves initiated developing of the analyti the-
ory of Riemannian surfaes (not only hyperellipti) of innite genus in
[39, 40℄.
In [110℄ Shmidt proposed another approah to onrm this asymptoti
behavior of the spetral urve. It is based on his result on the existene
of the spetral urves for the Dira operators with L2 potentials and the
ontinuiosity of these urves for weakly onverging sequene of potentials.
Theorem 10 ([110℄) Given U,V ∈ L2(T 2), the equation
D(k)ϕ = (D + Tk)ϕ = Eϕ
with k ∈ C2, E ∈ C, has a solution in L2 if and only if (k,E) ∈ Q where
Q is an analyti subset in C3. This subset Q is is formed by poles of the
operator penil
(1 +AU,V (k,E))
−1 : L2 → L2
where AU,V (k, E) is polynomial in k,E. Moreover if
Un, Vn
weakly−→ U∞, V∞
33
in {‖U‖2;ε ≤ C, ‖V ‖2;ε ≤ C} 8 then
‖AUn,Vn(k,E)− AU∞,V∞(k,E)‖2 → 0
uniformly near every k ∈ C2.
We expose the proof of this theorem in Appendix 1. Let us return to
the asymptoti behavior of the spetral urve.
First note the following identity whih is heked by straightforward
omputations:(
e−a 0
0 e−b
)(
D0 +
(
U 0
0 V
)
+ Tk
)(
eb 0
0 ea
)
= (43)
= D0 +
(
eb−aU 0
0 ea−bV
)
+ Tk +
(
0 az
−bz¯ 0
)
for all smooth funtions a, b : C→ C.
For any κ = (κ1, κ2) ∈ Λ∗ ⊂ C dene Λ-periodi funtions
ψ±κ(z, z¯) = e
±2pii(κ1x+κ2y)
and take the funtions a(z, z¯) and b(z, z¯) in the form
a(z, z¯) = 2pii(α1x+ α2y), b(z, z¯) = 2pii((α1 − κ1)x+ (α2 − κ2)y),
where
α(κ) = (α1, α2) =
(
κ1 + iκ2
2
,
−iκ1 + κ2
2
)
.
The following equalities are lear: eb−a = ψ−κ, az = bz¯ = 0. That
together with (43) implies
Proposition 10 ([110℄) If ϕ ∈ L2 satises the equation[
D0 +
(
ψ−κU 0
0 ψκV
)
+ Tk
]
ϕ = 0
then ϕ′ =
(
ψ−κ 0
0 1
)
ϕ ∈ L2 meets the equation
(D + Tk+α)ϕ′ = 0.
Therefore
Q0(ψ−κU,ψκV ) = Q0(U, V ) + α(κ) for all κ ∈ Λ∗
(here the right-hand side denotes Q0(U, V ) translated by α).
8
Reall that a sequene {un} in a Hilbert spae H weakly onverges to u∞: un
weakly
−→ u∞
if for any v ∈ H we have limn→∞〈un, v〉 = 〈u∞, v〉 where 〈u, v〉 is the Hilbert produt in H.
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The funtions ψκ, κ ∈ Λ∗, form a Fourier basis for L2. The mapping
U → Û = ψκU,U =
∑
ν∈λ∗ Uνψν , shifts the Fourier oeients of U :
Ûν = Uν−κ. Therefore, we have
ψκU
weakly−→ 0 as |κ| → ∞.
Theorem 10 (see Appendix 1) and Proposition 10 imply that in a small
bounded neighborhood O(k) of k ∈ C2 for large |κ| the intersetion
Q0(U, V ) with O(k) + α(κ) is very losed to the intersetion of Q0(0, 0)
with O(k):
Q0(U, V ) ∩ [O(k) + α(κ)] ≈ Q0(0, 0) ∩ O(k) as |κ| → ∞.
We onlude that asymptotially as |k| → ∞ the spetral urve of D
behaves as the spetral urve of the free operator D0 on L2.
For U = V = 0 the spetral urve Γ is biholomorphi equivalent to a
pair of two planes (omplex lines) dened in C
2
by the equations
k2 = ik1, k2 = −ik1,
and glued at innitely many pairs of points orresponding to the so-alled
resonane pairs(
k1 =
γ¯1n− γ¯2m
γ¯1γ2 − γ1γ¯2 , k2 = ik1
)
↔
(
k1 =
γ1n− γ2m
γ¯1γ2 − γ1γ¯2 , k2 = −ik1
)
where m,n ∈ Z. Moreover these planes are naturally ompleted by a
pair of points ∞± whih lie at at innity and are obtained the limit
(k1,±ik1) → ∞± as k1 → ∞. Near generi points there is a double
overing Γ→ C : (k1, k2)→ k1. By Proposition 10, we have
Corollary 3 Given a Dira operator with L2-potentials, M(Γ) for su-
iently large |k| asymptotially behaves as
k2 ≈ ±ik1.
Therefore it has at most two irreduible omponents suh that every om-
ponent ontains at least one of these asymptoti ends.
The bound for the number of irreduible omponents is lear, sine
other omponents have to be loalized in a bounded domain of C
2
whih
is impossible for one-dimensional analyti sets.
Thus we arrive at the denition ompatible with one used in the nite
gap integration [33, 80℄:
• if the spetral urve Γ of the operator D is of nite genus, then this
operator is nite gap and we all the ompletion of Γ by a pair of
innities ∞± the spetral urve (of a nite gap operator).
We nish with the proedure whih reonstrut the value of∫
C/Λ
UV dx ∧ dy
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from (Γ,M) when Γ is of nite genus. Near the asymptoti end where
k2 ≈ ik1 we introdue a loal parameter λ−1+ suh that the multipliers
behave as
µ(γ) = λ+γ +
C0γ¯
λ+
+O(λ−2+ ).
Then ∫
C/Λ
UV dx ∧ dy = −C0 · (Area(C/Λ) (44)
(see [53, 122℄ for the ase U = V ).
The analogous formula for the area of minimal tori in S3 was derived
by Hithin in [65℄.
This formula gives us a reason to treat the pair (Γ,M) as a gener-
alization of the Willmore funtional. First that was disussed for tori of
revolution in [117℄. In this ase the spetral urve is reonstruted from
innitely many integral quantities known as the KruskalMiura integrals
[117℄.
4.4 Spetral urves of tori
Given a torus Σ immersed into the three-dimensional Lie group G = R3,
SU(2) = S3, Nil or S˜L2 and its the Weierstrass representation, we take
the spetral urve Γ of the operator D oming in this representation.
We all it the spetral urve of the torus Σ.
It is dened for all smooth tori and not only for integrable tori (see
4.6). This denition was originally introdued for tori in R
3
in [118℄ and
for tori in S3 in [119℄ in its relation to the physial explanation of the Will-
more onjeture. The formula (44) shows that the Willmore funtional is
reonstruted from Γ and the multiplier mappingM (at least in the ase
when Γ is of nite genus).
This denition does not depend on a hoie of a onformal parameter
on the torus Σ = R2/Λ. The multiplier mapping M depends on a hoie
of a basis in Λ and the hange of a basis results in a simple algebrai
transform of M (see (42)).
Let us dene the spetral urve for tori in R
4
.
In [124℄ we explained that the Weierstrass representation for a surfae
in R
4
is not unique. The potentials of dierent representations of a torus
are related by the formula
U → U exp (a¯+ bz − a− bz) (45)
where Im bγ ∈ piZ for all γ ∈ Λ. The multiplier mapping M depends on
the hoie of U and under the transformation (45) it is hanged as follows:
µ(γ)→ ebγµ(γ), γ ∈ Λ.
As in the ase of tori in R
3
that the integral squared norm of the potential
U is reonstruted from (Γ,M) by the same formula (44).
The onformal invariane of the Willmore funtional led us to the
onjeture whih we justied by numerial experiments in [117℄ and was
very soon after its formulation was onrmed in [53℄:
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Theorem 11 Given a torus in R
3
, its spetral urve Γ and M are in-
variant under onformal transformations of R
3
.
The proof from [53℄ works rigorously for the spetral urves of nite
genus and is as follows. Let us onsider the generators of the onformal
group whih is SO(4, 1) and write down the deformation equations for a
Floquet funtion ϕ whih are of the form
Dδϕ+ δU · ϕ. (46)
It is enough to hek the invariane only for inversions and even just for one
of them sine all they pairwise onjugated by orthogonal transformations.
We take the following generator for an inversion:
δx1 = −2x1x3, δx2 = −2x2x3, δx3 = (x1)2 + (x2)2 − (x3)2
and ompute the orresponding variation of the potential:
δU = |ψ2|2 − |ψ1|2
where ψ generates the torus. In [53℄ for this variation an expliit formula
for a solution to (46) is given in terms of funtions meromorphi on the
spetral urve. It follows from this expliit formula that the multipliers
are preserved. For the spetral urve of nite genus these meromorphi
funtions are easily dened. For the ase of spetral urve of innite genus
one needs to larify some analytial details that as we think an be done
and relates on a rigorous and areful treatment of the asymptoti behavior
of the spetral urve.
Another proof of theorem 11 for isothermi tori was done in [122℄. It
is geometrial and works for spetral urves of any genus.
4.5 Examples of the spetral urves
Produts of irles in R
4
.
We onsider the tori Σr,R dened by the equations
(x1)2 + (x2)2 = r2, (x3)2 + (x4)2 = R2.
They are parameterized by the angle variables x, y dened modulo 2pi:
x1 = r cos x, x2 = r sin x, x3 = R cos y, x4 = R sin y. The onformal pa-
rameter, the period lattie and the indued metri are as follows:
z = x+ i
R
r
y, Λ = {2pim+ i2pi r
R
n : m,n ∈ Z}, ds2 = r2dzdz¯.
By simple omputations we obtain the formula for the Gauss map:
a1
a2
=
−ei(y−x), b1
b2
= e−i(y+x). Let us apply Theorem 4 to the mapping
Σr,R → (b1 : b2) =
(
e−i(x+y)√
2
:
1√
2
)
∈ CP 1.
We have g = i(x+y)
2
,
U =
1
4
( r
R
+ i
)
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and the torus Σr,R is dened via the Weierstrass representation by vetor
funtions
ψ1 = ψ2 =
1√
2
exp
(
− i(x+ y)
2
)
, ϕ1 = −ϕ2 = − r√
2
exp
(
i(y − x)
2
)
.
The values of the Willmore funtional on suh tori are given by the
formula
W(Σr,R) = 4
∫
Σr,R
|U |2dx ∧ dy = pi2
(
r
R
+
R
r
)
and attain their minimum at the Cliord torus Σr,r in R
4
: W(Σr,r) = 2pi2.
The spetral urve Γ(u) of the Dira operator
D =
(
0 ∂
−∂¯ 0
)
+
(
u 0
0 u¯
)
, u = const,
with the onstant potential U = u is the omplex sphere with a pair of
marked points (innities) whih are λ = 0 and λ =∞:
Γ(u) = CP 1.
The normalized BakerAkhiezer funtion (or the Floquet funtion) equals
ψ(z, z¯, λ) =
(
ψ1
ψ2
)
=
λ
λ− u exp
(
λz − |u|
2
λ
z¯
)(
1
−u
λ
)
.
The normalization means that the following asymptotis hold:
ψ ≈
(
eλ+z
0
)
as λ+ →∞, ψ ≈
(
0
eλ−z¯
)
as λ− → 0
with the loal parameters λ+ = λ near λ = ∞ and λ− = − |u|
2
λ
near
λ =∞.
For a torus Σr,R we have
• the funtion ψ generating it via (18) equals to ψ(z, z¯,−u), u = 1
4
( r
R
+
i), and its monodromy is as follows ψ(z + 2pi, z¯ − 2pii,−u) = ψ(z +
i2piR
r
, z¯ − i2piR
r
,−u) = −ψ(z, z¯,−u);
• there are exatly four points on the spetral urve Γ(u) for whih the
funtion ψ(z, z¯, λ) has the same monodromy as ψ(z, z¯,−λ): these are
λ = ±u,±u¯. Moreover,(
ψ1(z, z¯,−u)
ψ2(z, z¯,−u)
)
=
( −ψ¯2(z, z¯, u)
ψ¯1(z, z¯, u)
)
;
• the spetral urve Γ(u) is smooth.
Here k1 and k2 are the quasimomenta of Floquet funtions ψ(z, z¯, λ).
A periodi potential U is dened up to the gauge transformation (24)
whih for b = 0 and ea¯−a = − 1+i√
2
transforms the potential U of the
Cliord torus to the potential
1
4
(1 + i)→ e
a¯−a
4
(1 + i) = − i
2
√
2
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whih oinides with the potential of the same torus onsidered as a torus
in the unit sphere S3 ⊂ R4 [122℄. This leads to the following questions:
1) do the spetral urves of a torus in S3 ⊂ R4 dened as for a torus
in S3 and a torus in R4 always oinide?
2) given a torus in S3 ⊂ R4, does the potential U of its Weierstrass
representation in R
4
is always gauge equivalent to the potential of its
Weierstrass representation in S3:
U =
(H − i)eα
2
where H is the mean urvature of this torus in S3?
A positive answer to the seond question implies a positive answer to
the seond one. We think that the both questions are answered positively.
The Clifford torus in R
3
.
The Cliord torus in R
3
is the image of the Cliord torus in S3 ⊂ R4
under a stereographi projetion
(x1, x2, x3, x4)→
(
x1
1− x4 ,
x2
1− x4 ,
x3
1− x4
)
,
∑
k
(xk)2 = 1.
It is onsidered up up to onformal transformations of R¯
3
and hene an
be obtained as the following torus of revolution: given a irle of radius
r = 1 in the x1x3 plane suh that the distane between the the irle
enter and the x1 axis equals to R =
√
2, the Cliord torus is obtained
by a rotation of this irle around the x1 axis.
Theorem 12 ([123℄) The BakerAkhiezer funtion of the Dira opera-
tor D with the potential
U =
sin y
2
√
2(sin y −√2) (47)
is a vetor funtion ψ(z, z¯, P ), where z ∈ C and P ∈ Γ suh that
• the omplex urve Γ is a sphere CP 1 = C¯ with two marked points
∞+ = (λ = ∞),∞− = (λ = 0) where λ is an ane parameter on
C ⊂ CP 1 and with two double points obtained by staking together
the points from the following pairs:(
1 + i
4
,
−1 + i
4
)
and
(
−1 + i
4
,
1− i
4
)
;
• the funtion ψ is meromorphi on Γ \ {∞±} and has at the marked
points (innities) the following asymptotis:
ψ ≈
(
ek+z
0
)
as k+ = λ→∞; ψ ≈
(
0
ek−z¯
)
as k− = − |u|
2
λ
→∞
where u = 1+i
4
and k−1± are loal parameters near ∞±;
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• ψ has three poles on Γ \ {∞±} whih are independent on z and have
the form
p1 =
−1 + i+√−2i− 4
4
√
2
, p2 =
−1 + i−√−2i− 4
4
√
2
, p3 =
1√
8
.
Therewith the geometri genus pg(Γ) and the arithmeti genus pa(Γ)
of Γ are as follows:
pg(Γ) = 0, pa(Γ) = 2.
The BakerAkhiezer funtion satises the Dira equation Dψ = 0 with
potential U given by (47) at any point from Γ \ {∞+,∞−, p1, p2, p3}.
The Cliord torus is onstruted via the Weierstrass representation (2)
and (3) from the funtion
ψ = ψ
(
z, z¯,
1− i
4
)
.
It is showed that ψ has the form
ψ1(z, z¯, λ) = e
λz− |u|
2
λ
z¯
(
q1
λ
λ− p1 + q2
λ
λ− p2 + (1− q1 − q2)
λ
λ− p3
)
,
ψ2(z, z¯, λ) = e
λz− |u|
2
λ
z¯
(
t1
p1
p1 − λ + t2
p2
p2 − λ + (1− t1 − t2)
p3
p3 − λ
)
where u = 1+i
4
and the funtions q1, q2, t1, t2 depend only on y and 2pi-
periodi with respet to y. They are found from the following onditions
ψ
(
z, z¯,
1 + i
4
)
= ψ
(
z, z¯,
−1 + i
4
)
, ψ
(
z, z¯,−1 + i
4
)
= ψ
(
z, z¯,
1− i
4
)
.
4.6 Spetral urves of integrable tori
It is said that a surfae is integrable if the GaussCodazzi equations is the
ompatibility ondition
[∂x − A(λ), ∂y −B(λ)] = 0 (48)
for the linear problems
∂xϕ = A(λ)ϕ, ∂yϕ = B(λ)ϕ
suh that A and B are Laurent series in a spetral parameter. It is also
assumed that λ omes nontrivially into this representation. For deriving
expliit solutions of the zero urvature equation (48) equation one an
use the mahinery of soliton theory and, in partiular, of the theory of
integrable harmoni maps whih started with papers [106, 137, 128℄ and
was intensively developed in last thirty years (the reent statement of this
theory is presented in [54, 55, 60℄). The most omplete list of integrable
surfaes in R
3
is given in [19℄ (see also [46℄).
This theory works well for spheres when it is enough to apply algebrai
geometry of omplex rational urves and for tori when expliit formulas for
surfaes are derived in terms of theta funtions of some Riemann surfaes.
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For surfaes of higher genus theory of integrable systems does not lead to
a substantial progress. This probably has serious reasons onsisting in
that tori are the only losed surfaes admitting at metris.
The spetral urves of integrable tori appear as the spetral urves
of operators oming in these auxiliary linear problems. These omplex
urves (Riemann surfaes) serve for onstruting expliit formulas for tori
in terms of theta funtions of these Riemann surfaes.
It appears that that is not aidentally and these spetral urves of
integrable tori are just speial ases of the general spetral urve dened
in 4.4 for all tori (not only integrable).
In [122℄ we proved suh a oinidene (modulo additional irreduible
omponents) for onstant mean urvature and isothermi tori in R
3
and
for minimal tori in S3. Corollary 3 rules out additional omponents.
A) Constant mean urvature (CMC) tori in R
3
. By the Ruh
Vilms theorem, the Gauss map of a surfae in R
3
is harmoni if and only if
this surfae has a onstant mean urvature [109℄. By the GaussCodazzi
equations this is equivalent to the ondition that the Hopf dierential
Adz2 is holomorphi:
Az¯ = 0.
On a sphere a holomorphi quadrati dierential vanishes and there-
fore, by the Hopf theorem, CMC spheres in R
3
are exatly round spheres
[66℄
It was also onjetured by Hopf that all immersed ompat CMC sur-
faes in R
3
are just round spheres. Although this onjeture was onrmed
for embedded surfaes by Alexandrov [6℄ it was disproved for immersed
surfaes of higher genera. The existene of CMC tori was established in
the early 1980's by Wente by means of the Banah spae impliit fun-
tion theorem. The rst expliit examples were found by Abresh in [2℄
and the analysis of these examples performed in [3℄ gave a hint on the
relation of this problem to integrable systems. It was proved later for a
CMC torus the omplex urve Γ is of nite genus [105℄ and this allowed
to apply the BakerAkhiezer funtions to deriving expliit formulas for
suh tori in terms of theta funtions of Γ (this program was realized by
Bobenko in [17, 18℄). The existene of CMC surfaes of very genus greater
than one was established by Kapouleas also by impliit methods [71, 72℄
and the problem of expliit desription of suh surfaes stays open. We
remark that some other interpretation of CMC surfaes in terms of an
innite-dimensional integrable system was proposed in [79℄ and is based
on the Weierstrass representation.
On a torus a holomorphi quadrati dierential is onstant (with re-
spet to a onformal parameter z). Given a CMC torus, by dilation of
the surfae and a linear transform z → az of the onformal parameter, it
is ahieved that
Adz2 =
1
2
dz2, H = 1.
In this event the GaussCodazzi equations read
uzz¯ + sinh u = 0
where u = 2α and e2αdzdz¯ is the metri on the torus. This equation is
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the ompatibility ondition for the following system[
∂
∂z
− 1
2
( −uz −λ
−λ uz
)]
ψ = 0,
[
∂
∂z¯
− 1
2λ
(
0 e−u
eu 0
)]
ψ = 0.
(49)
Let Λ be the period lattie for the torus. We onsider the linear
problem
Lψ = ∂zϕ− 1
2
( −uz 0
0 uz
)
ψ =
1
2
(
0 −λ
−λ 0
)
ψ.
Sine L is a rst order 2× 2-matrix operator, for every λ ∈ C the system
(49) has a two-dimensional spae Vλ of solutions and these spaes are
invariant under the translation operators
T̂jϕ(z) = ϕ(z + γj), j = 1, 2,
where γ1 and γ2 are generators of Λ. The operators T̂1, T̂2, and L om-
mute and therefore have ommon eigenvetors whih are glued into a
meromorphi funtion ψ(z, z¯, P ) on a two-sheeted overing
Γ̂→ C : P ∈ Γ̂→ λ ∈ C,
ramied at points where T̂j and L are not diagonalized simultaneously.
This the standard proedure for onstruting spetral urves of periodi
operators [98℄.
To eah point P ∈ Γ̂ there orresponds a unique (up to a onstant mul-
tiple) Floquet funtion ψ(z, z¯, P ) with multipliers µ(γ1, P ) and µ(γ2, P ).
The omplex urve Γ̂ is ompatied by four innities ∞1±,∞2± suh
that ∞1± are projeted into λ =∞ and ∞2± are projeted into λ = 0 and
we may take ψ meromorphi on Γ̂ with the following essential singularities
at the innities:
ψ(z, z¯, P ) ≈ exp
(
∓λz
2
)(
1
±1
)
as P →∞1±,
ψ(z, z¯, P ) ≈ exp
(
∓ z¯
2λ
)( 1
±1
)
as P →∞2±.
The multipliers tend to ∞ as λ→ 0,∞.
The omplex urve Γ admits the involution whih preserves multipliers:
σ(λ) = −λ,
(
ϕ1
ϕ2
)
→
(
ϕ1
−ϕ2
)
, σ(∞1±) =∞1∓, σ(∞2±) =∞2∓.
The omplex quotient urve Γ̂/σ is alled the spetral urve of a CMC
torus.
We have
Proposition 11 ([122℄) ϕ meets (49) if and only if ψ = (λϕ2, e
αϕ1)
⊤
satises the Dira equation Dψ = 0 with U = Heα
2
= e
α
2
.
Thus we have an analyti mapping of Γ onto the spetral urve of a gen-
eral torus dened in 4.4 suh that the mapping preserves the multipliers.
This implies these omplex urves oinide up to irreduible omponents.
Together with Corollary 3 this implies
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Proposition 12 The spetral urve of a CMC torus in R
3
oinides with
the (general) spetral urve, of the torus, dened in 4.4.
B) Minimal tori in S3. We onsider the unit sphere in R4 as the Lie
group SU(2). For minimal surfaes in SU(2) the derivational equations
(10) and (11) are simplied and we obtain the Hithin system [65℄
∂¯Ψ− ∂Ψ∗ + [Ψ∗,Ψ] = 0, ∂¯Ψ+ ∂Ψ∗ = 0. (50)
The rst equation implies that the SL2 onnetion A = (∂ + Ψ, ∂¯ + Ψ∗)
on f−1(TG) is at. In this event the seond equation implies that this
onnetion is extended to an analyti family of at onnetions
Aλ =
(
∂ +
1 + λ−1
2
Ψ, ∂¯ +
1 + λ
2
Ψ∗
)
where A = A1 and λ ∈ C \ {0}. Thus we obtain an L,A-pair with
a spetral parameter and therefore derive that this system is integrable.
This trik is general for integrable harmoni maps.
Let us dene the spetral urve.
Let Σ be a minimal torus in SU(2) and let {γ1, γ2} be a basis for
Λ.We dene matries H(λ) and H˜(λ) ∈ SL(2,C) whih desribe the mon-
odromies of Aλ along losed loops realizing γ1 and γ2 respetively. These
matries ommute and hene have joint eigenvetors ϕ(λ, µ) where µ is a
root of the harateristi equation for H(λ):
µ2 − TrH(λ) + 1 = 0.
The eigenvalues
µ1,2 =
1
2
(
TrH(λ)±
√
Tr 2H(λ)− 4
)
are dened on a Riemann surfae Γ whih is a two-sheeted overing of
CP 1 ramied at the odd zeros of the funtion (Tr 2H(λ) − 4) and at 0
and ∞ (multiple zeros are removed by the normalization). This Γ is the
spetral urve of a minimal torus in SU(2) and has nite genus.
Above we expose Hithin's results whih are valid for all harmoni tori
in S3 (this inludes both ases of minimal tori in S3 and harmoni Gauss
maps into S2 ⊂ S3) [65℄. Now we have to onne to minimal tori in S3.
Let D be the Dira operator assoiated with this torus and the spinor
ψ′ generates the torus via the Weierstrass representation. Let us
L =
1√
2
(
a¯ −b¯
b a
)
, a = −iψ¯′1 + ψ′2, b = −iψ′1 + ψ¯′2.
We have
Proposition 13 ([122℄) The Hithin eigenfuntions ϕ are transformed
by the mapping
ϕ→ ψ = eα
(
0 iλ
1 0
)
· L−1ϕ
into solutions of the Dira equation Dψ = 0 orresponding to the torus Σ
in S3.
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As in the ase of CMC tori in R
3
(see above) this Proposition together
with Corollary 3 implies
Proposition 14 The spetral urve of a minimal torus in S3 oinides
with the (general) spetral urve of the torus (as this urve is dened in
4.4).
4.7 Singular spetral urves
The perturbation of the free operator ould be so strong that another
singularities (not oming from resonane pairs) ould appear in Γ. If
Γnm is algebrai then we write down the orresponding BakerAkhiezer
funtion ψ(z, z¯, P ) suh that
1) Dψ = 0;
2) ψ is meromorphi on Γ and has the following asymptotis at the
innities:
ψ ≈
(
eλ+z
0
)
as P →∞+, ψ ≈
(
0
eλ−z¯
)
as P →∞−
where λ−1± are loal oordinates near ∞±, λ−1± (∞±) = 0. We may put
λ± = 2piik1.
The funtion ψ is formed by Floquet funtions ψ(z, z¯, P ) taken at
dierent points of the spetral urve suh that ψ is meromorphi and has
the asymptotis as above. The funtion draws the omplex urve Γψ on
whih it is dened suh that no one Floquet funtion is ounted twie in
dierent points of Γψ. There is a hain of mappings
Γnm → Γψ → Γ
suh that the omposition of them is the normalization of Γ and the rst
of them is the normalization of Γψ. We have evident inequalities:
pg(Γ) = pg(Γψ) ≤ pa(Γψ) <∞
where pa(Γψ) is the arithmeti genus of Γψ whih diers from the geo-
metri genus of Γψ by the ontribution of singular points.
The funtion ψ an be pulled bak onto a nonsingular urve Γ where
it will have exatly pa(Γψ) + 1 poles (this follows from the nite gap
integration theory). For the Dira operator, pa(Γψ) equals the number
of poles of its normalized BakerAkhiezer funtion minus one.
We arrive to the following onlusion:
• the BakerAkhiezer funtion ψ denes the Riemann surfae Γψ in
the lassial spirit of the Riemann paper as the surfae on whih
the given funtion ψ is naturally dened. This surfae is obtained
from Γ by performing normalizations of singularities only when the
dimension of the spae of Floquet funtions at the point is dereased
after the normalization (for instane, this is the ase of resonane
pairs).
• in dierene with Γnm, the omplex urve Γψ gives a one-to-one
parameterization of all Floquet funtions (up to multiples).
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For minimal tori in S3 this situation is explained in detail in [65℄.
If we would like to onstrut a torus with nite spetral genus in
terms of theta funtions we have to work with the urve Γψ again as we
demonstrated that in 4.5 for the Cliord torus.
The following denition of Γψ omes from the nite gap integration
theory:
• Let D be a Dira operator with double-periodi potentials U and V
and let Γψ be a Riemann surfae (probably singular) of nite arith-
meti genus pa(Γψ) = g with two marked nonsingular points ∞±
and loal parameters k−1± near these points suh that k
−1
± (∞±) = 0.
Let ψ(z, z¯, P ) be a BakerAkhiezer funtion ψ whih is dened on
C× Γψ \ {∞±} suh that
1) ψ is meromorphi in P outside ∞± ∈ Γ and has poles at g + 1
nonsingular points P1 + · · ·+ Pg+1;
2) ψ has the following asymptotis at ∞±:
ψ ≈ ek+z
[(
1
0
)
+
(
ξ+1
ξ+2
)
k−1+ +O(k
−2
+ )
]
as P →∞+,
ψ ≈ ek−z¯
[(
0
1
)
+
(
ξ−1
ξ−2
)
k−1− +O(k
−2
− )
]
as P →∞−
and ψ satises the Dira equation Dψ = 0 everywhere on Γψ exept
the innities ∞± and the poles of ψ.
We say that Γψ is the spetral urve of a nite gap operator D.
For a generi divisor P1+ · · ·+Pg+1 suh a funtion is unique and the
potentials are reonstruted from it by the formulas:
U = −ξ+2 , V = ξ−1 . (51)
The attempt to dene suh a Riemann surfae in the ase when pg(Γ) =
∞ meets a lot of analytial diulties.
We refer to [123℄ for more detailed exposition of some questions related
to singular spetral urves.
We see in 4.5 that for the Cliord torus Σ1,1 ⊂ R4 the potential is
onstant and the spetral urve is a sphere. Moreover
pg(Γ) = pa(Γψ) = 0.
However the potential of its stereographi projetion, whih is the Cliord
torus in R
3
, equals
U =
sin x
2
√
2(sin x−√2)
where x is one of the angle variables and, by Theorem 12, for an operator
with this potential we have
pg(Γ) = 0, pa(Γψ) = 2.
Therefore the stereographi projetion of the Cliord torus from S3 into
R
3
results in the appearane of singularities in Γψ.
This leads to an interesting problem:
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• what is the relation between the spetral urve of a torus in the
unit sphere S3 ⊂ R4 and the spetral urve of its stereographi
projetion?
We think that the answer to this question is as follows: the potentials
are related by some Baklund transformation whih leads to a transfor-
mation of the spetral urve. Probably there is an analogy with suh
a transformation for the Shrodinger operator exposed in [35℄. We also
expet that the answer to the following question is positive:
• do the images M(Γ) of the multiplier mappings for a torus in S3
and for its stereographi projetion oinide?
There is another interesting problem:
• haraterize the spetral urves of tori in R3 and R4.
For tori in R
3
and in R
4
the answers have to be dierent. Indeed, it
was already mentioned in [17℄ that the spetral urves for CMC tori in R
3
have to be singular (for them that results in the appearane of multiple
branh points whih are transformed by the normalization into pairs of
points interhanged by the hyperellipti involution).
9
However for the
Cliord torus in R
4
the spetral urve is nonsingular.
5 The Willmore funtional
5.1 Willmore surfaes and the Willmore onje-
ture
The Willmore funtional for losed surfaes in R
3
is dened as
W(Σ) =
∫
Σ
H2dµ (52)
where dµ is the indued area form on the surfae. It was introdued by
Willmore in the ontext of variational problems [133℄. Therewith Will-
more was rst who stated a global problem of the onformal geometry
of surfaes, i.e. the Willmore onjeture whih we disuss later. The
EulerLagrange equation for this funtional takes the form
∆H + 2H(H2 −K) = 0
where ∆ is the LaplaeBeltrami operator on the surfae. Surfaes meet-
ing this equation are alled Willmore surfaes.
We remark that H = κ1+κ2
2
and, by the GaussBonnet theorem, for
a ompat oriented surfae Σ without boundary we have∫
Σ
Kdµ =
∫
Σ
κ1κ2dµ = 2piχ(Σ)
9
In [110℄ it is showed that for tori in R3 M(Γ) ontains a point of multipliity at least
four or a pair of double points at whih the differentials dk1 and dk2 vanish (here k1 and
k2 are quasimomenta). We notie that does not mean that Γψ meets the same onditions:
for instane, for the Clifford torus in R3 the spetral urve Γψ has a pair of double points at
whih dk1 and dk2 do not vanish and has no more singular points.
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where χ(Σ) is the Euler harateristi of Σ. By adding a topologial term
to W we obtain the funtional with the same extremals among losed
surfaes and may simplify the variational problem. For spheres it takes
the ase when onsidering the funtional
Ŵ(Σ) =
∫
(H2 −K)dµ =W(Σ)− 2piχ(Σ)
we onlude that
10
Ŵ = 1
4
∫
Σ
(κ1 − κ2)2dµ.
We reall that a point on a surfaes is alled an umbili point if κ1 = κ2
at it. A surfae is alled totally umbili if all its points are umbilis. By
the Hopf theorem, a totally umbili surfae in R
3
is a domain in a round
sphere or in a plane. For spheres this gives for spheres a lower estimate
for the Willmore funtional and a desription of all its minima:
• for spheres
W(Σ) ≥ 4pi
and W(Σ) = 4pi if and only if Σ is a round sphere.
For surfaes of higher genus this trik does not work.
The funtional Ŵ was introdued by to Thomsen [125℄ and Blashke
[15℄ who alled it the onformal area for the following reasons:
1) the quantity (H2 − K)dµ is invariant with respet to onformal
transformations of the ambient spae and therefore, given a ompat ori-
ented surfae Σ ⊂ R3 and a onformal transformation G : R3 → R3 whih
maps Σ into a ompat surfae, we have
Ŵ(Σ) = Ŵ(G(Σ));
2) if Σ is a minimal surfae in S3 and pi : S3 → R3 is the stereographi
projetion whih maps Σ into R3, then pi(Σ) is a Willmore surfae.
Moreover as it is proved in [25℄
3) outside umbili points there is dened a quarti dierential Â(dz)4
whih is holomorphi if the surfae is a Willmore surfae;
We expose these results in Appendix 2.
By 2) there are examples of ompat losed Willmore surfaes. We re-
mark that not all ompat Willmore surfaes are stereographi projetions
of minimal surfaes in S3 (this was rst showed for tori in [103℄).
It follows from 3) that outside umbilis Willmore surfaes admit a good
desription whih is similar to the desription of CMC surfaes in terms
of the holomorphiity of a quadrati Hopf dierential. However there are
examples of ompat Willmore surfaes whih even have lines onsisting
of umbilis [10℄.
By 1) the minimum of the Willmore funtional in eah topologial
lass of surfaes is onformally invariant and hene degenerate. We note
that the existene of a minimum whih real-analytial surfae was proved
for tori by Simon [115℄ and for surfaes of genus g ≥ 2 by Bauer and
Kuwert [12℄. Reently Shmidt presented the proof of the following result:
10
This is similar to the instanton trik whih led to a disovery of selfdual onnetions.
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given a genus and a onformal lass of an oriented surfae, the Willmore
funtional ahieves its minimum on some surfae whih a priori may have
branh points or be a branhed overing of an immersed surfae [111℄. His
tehnique uses the Weierstrass representation and some ideas from [110℄.
11
Bryant started the program of desribing all Willmore spheres by ap-
plying the fat that at a holomorphi quarti dierential on a sphere
vanishes and, therefore, Willmore spheres admit desription in terms of
algebro-geometri data [25℄. We have
• the image of a minimal surfae in R3 under a Moebius transform
(x−x0)→ (x−x0)/|x−x0|2 is a Willmore surfae and any minimal
surfae Σ with planar ends is mapped by a Moebius transform. with
the enter x0 outside the surfae, into a smooth ompat Willmore
surfae Σ′ suh that
W(Σ′) = 4pin,
where n is the number of planar ends of Σ.
Bryant proved that all Willmore spheres are Moebius inverses of minimal
surfaes with planar ends, that the ase n = 1 orresponds to the round
spheres, there are no suh spheres with n = 2 and 3, and desribed all
Willmore spheres with n = 4. Later it was proved in [101℄ that Willmore
spheres exist for all even n ≥ 6 and all odd n ≥ 9. The left ases n = 5
and 7 were nally exluded in [27℄.
The Willmore onjeture states that
• for tori
W ≥ 2pi2
and the Willmore funtional attains its minimum on the Cliord
torus and its images under onformal transformations of R
3
.
The Cliord torus was already introdued in 4.5.
Sine the Willmore funtional is onformally invariant and the stere-
ographi projetion pi : S3 → R3 is onformal, we do not distinguish the
original Willmore onjeture and its ounterpart for tori in S3 for whih
the Willmore funtional is replaed by
WS3 =
∫
(H2 + 1)dµ, WS3(Σ) =W(pi(Σ)). (53)
Willmore introdued his onjeture in [133℄ where he heked it for
round tori of revolution.
It is proved in many speial ases:
1) for tube tori, i.e for tori formed by arrying a irle entered at a
losed urve along this urve suh that the irle always lies in the normal
plane, by Shiohama and Takagi [114℄ and by Willmore [134℄ (if we admit
for the radius of the irle to vary we obtain hannel tori for whih the
onjeture was established in [63℄);
2) for tori of revolution by Langer and Singer [87℄;
11
See Appendix 1.
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3) for tori onformally equivalent to R
2/Γ(a, b) with 0 ≤ a ≤ 1/2,√
1− a2 ≤ b ≤ 1 where the lattie Γ(a, b) is generated by (1, 0) and (a, b)
(LiYau [91℄);
4) the previous result of Li and Yau was improved by Montiel and Ros
who extended it to the ase
(
a− 1
2
)2
+ (b− 1)2 ≤ 1
4
[97℄;
5) for tori in S3 whih are symmetri under the antipodal mapping
(Ros [108℄).
6) sine it was also proved by Li and Yau that if a surfae has a self-
intersetion point with multipliity n then W ≥ 4pin [91℄, the onjeture
is proved for tori with selntersetions.
Some other partial results were obtained in [7, 127℄.
We also mention the paper [131℄ where the seond variation form of
W for the Cliord torus was omputed and it was proved that this form is
non-negative. The seond variation formula for general Willmore surfaes
was obtained in [99℄.
In general ase the onjeture stays open.
We shall disuss some reent approah applied in [110℄ in the next
paragraph.
By (53), the following onjeture is a speial ase, of the Willmore
onjeture, whih also stays open:
• for minimal tori in S3 the volume is bounded from below by 2pi2 and
attains its minimum on the Cliord torus in S3.
By the LiYau theorem on surfaes with selntersetions this onje-
ture follows from the following onjeture by Hsiang and Lawson:
• the Cliord torus is the only minimal torus embedded in S3.
Sine a holomorphi quarti dierential on a torus has onstant oef-
ients, there are two opportunities: it vanishes or it equals c(dz)4, c =
const 6= 0.
In the rst ase a torus is obtained as a Moebius image of a minimal
torus with planar ends. For evident reasons it is lear that there are
no suh tori with n = 1 and 2 ends. The ase n = 3 was exluded
by Kusner and Shmitt who also onstruted examples with n = 4 [85℄.
First examples of minimal retangular tori with four planar ends were
onstruted by Costa [31℄. Reently Shamaev onstruted suh tori for all
even n ≥ 6 [113℄. However it looks from the onstrution that in generi
ase these tori do not have branh points that was rigorously proved only
for n = 6, 8, and 10.
In the seond ase the Codazzi type equations for Willmore tori with-
out umbilis oinide with the four-partile Toda lattie [44, 9℄.
12
The
theta formulas for suh Willmore tori are derived in [9℄ by using Baker
Akhiezer funtions related to this Toda lattie.
Another onstrution of Willmore tori by methods of integrable sys-
tems was proposed in [58℄.
For surfaes of higher genus the andidates for the minima of the
Willmore funtional were proposed by Kusner [84℄.
12
See Appendix 2.
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There is the onjeture that for tori in R
4
the Willmore funtional∫ |H |2dµ attains its minimum on the Cliord torus in R4, i.e. the prod-
ut of two irles of the same radii (see [135, 136℄) . Sine this torus is
Lagrangian the last onjeture is weakened by assuming that the Cliord
torus is the minimum for W in a smaller lass of Lagrangian tori. That is
disussed in [96℄ where it is proved that W ahieves its minimum among
Lagrangian tori on some really-analytial torus.
We do not disuss the generalization of the Willmore funtional for
surfaes in arbitrary Riemannian manifolds whih is∫
(|H |2 + K̂)dµ
where K̂ is the setional urvature of the ambient spae along the tangent
plane to the surfae. The quantity (|H |2 − K + K̂)dµ is invariant with
respet to onformal transformations of the ambient spae [30℄.
In [14℄ another generalization of the Willmore funtional for surfaes
in three-dimensional Lie groups is proposed. It is based on the spetral
theory of Dira operators oming into Weierstrass representations (see
also 5.5).
We also have to mention the Willmore ow whih is similar to the
mean urvature ow and dereases the value of W (see the paper [86℄ and
referenes therein).
We nish this part by a remark on onstrained Willmore surfaes whih
are, by denition, ritial points of the Willmore funtional restrited
onto the spae of surfaes with the same onformal type. It was rst
observed by Langer that ompat onstant mean urvature surfaes in R
3
are onstrained Willmore sine for them the Gauss map is harmoni [104℄.
We refer for the basis of the theory of suh surfaes to [24℄.
5.2 Spetral urves and the Willmore onjeture
As it is showed in [116℄ in terms of the potential U of a Weierstrass
representation of a torus in R
3
the Willmore funtional is
W = 4
∫
M
U2dxdy.
So it measures the perturbation of the free operator.
We reall that the Willmore onjeture states that this funtional for
tori attains its minimum at the Cliord torus for whih the Willmore
funtional equals 2pi2.
Starting from the observation that the Willmore funtional is the rst
integral of the mNV ow whih deforms tori into tori preserving the on-
formal lass (see 3.1) we introdued in 1995 the following onjeture (see
[116℄):
• a nonstationary (with respet to the mNV ow) torus annot be a
loal minimum of the Willmore funtional.
It was based on the assumption that a minimum of suh a variational
problem is nondegenerate and thus has to be stable with respet to soliton
deformations whih are governed by equations from the mNV hierarhy
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and whih preserve the value of the Willmore funtional. By soliton theory
these equations are linearized on the Jaobi variety of the normalized
spetral urve and generially these linear ows span this Jaobi variety
whih is an Abelian variety of omplex dimension pg(Γ) or some Prym
subvariety of the Jaobi variety.
Its geometrial analog was formulated in [118℄ where we introdued a
notion of the spetral genus of a torus as pg(Γ):
• given a onformal lass of tori in R3, the minima of the Willmore
funtional are attained at tori of the minimal spetral genus.
In [118℄ we proposed the following explanation to the lower bounds for
W: for small perturbations of the zero potential U = 0 the Weierstrass
representation gives us planes whih do not onvert into tori and, sine
for surfaes in R
3
the Willmore funtional is the squared L2-norm of U ,
the lower bound shows how large a perturbation of the zero potential has
to be to fore the planes to onvert into tori.
The strategy to prove the Willmore onjeture after proving the last
onjeture is to alulate the values of the Willmore funtional for tori of
the minimal spetral genus (by using the formula (44) or by other means)
and to hek the Willmore onjeture.
We already mentioned in this text the paper [110℄ by Shmidt. This
paper ontains a series of important results.
13
For our interests we expose
only the results related to the asymptoti behavior of the spetral urve.
Although until reently we did not go through all details of [110℄ we have
to say that
in fat the paper [110℄ proposes a proof only for our onjeture (see
above). The value of pa(Γψ) is a priori unbounded however in [110℄ the
alulations of values of the Willmore funtional are done only for the
minimal possible values of both pg(Γ) and pa(Γψ).
Following the spirit of the previous onjetures it is natural to guess
that
• given a onformal lass of tori in R3 and a spetral genus, the minima
of the Willmore funtional are attained at tori with the minimal
value of pa(Γψ).
This onjeture also ts in the soliton approah sine the additional
dergees of freedom oming from pa(Γ) − pg(Γ) (or some part of it, is
the ows are linearized on the Prym variety) also orrespond to soliton
deformations.
By our opinion these onjetures are interesting by their own means.
We remark that proofs of the last two of them together with alulations of
the values of the Willmore funtional for tori with minimal possible values
of pg(Γ) and pa(Γψ) would lead to heking the Willmore onjeture.
We would like also to mention another interesting problem:
13
In this paper it is also presented a proof of the fat that the spetral genus of a onstrained
Willmore torus in R3 is finite. Another proof was presented by Krihever (unpublished). This
fat is nontrivial even for Willmore tori beause the trik whih uses soliton theory and was
applied in [65, 105℄ to harmoni tori in S3 and onstant mean urvature tori in R3 (see also
[18℄) does work not for all tori. It is applied only to tori desribed by the four-partile Toda
lattie without umbili points at whih eβ = 0 (see Appendix 2).
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• how to generalize this spetral urve theory for ompat immersed
surfaes of higher genera?
5.3 On lower bounds for the Willmore funtional
In [119℄ we established in some speial ase a lower estimate, for the
Willmore funtional, whih is quadrati in the dimension of the kernel of
the Dira operator.
Let represent the sphere as a innite ylinder Z ompatied by a
ouple of points suh that z = x + iy is a onformal parameter on Z, y
is dened modulo 2pi, x ∈ R, and these two innities are ahieved as
x→ ±∞.
Lemma 3 ([119℄) Given a sphere in R
3
, the asymptotis of ψ and the
potential U are as follows
|ψ1|2+|ψ2|2 = C±e−|x|+O(e−2|x|), U = U±e−|x|+O(e−2|x|) as x→ ±∞,
where C± and U± are onstants. If C+ = 0 or C− = 0 then there is
a branh point at the orresponding marked point x = +∞ or x = −∞
respetively.
The kernel of D on the sphere onsists of solutions ψ to the equation
Dψ = 0 on the ylinder suh that |ψ1|2 + |ψ2|2 = O(e−|x|) as x→ ±∞.
Let us assume that the potential U( of the Dira operator depends on
x only. For instane, suh a situation realizes for a sphere of revolution
for whih y is an angle of rotation. However this is not only the ase of
spheres of revolution and there are more suh surfaes with an intrinsi
S1-symmetry reeted by the potential of the Weierstrass representation.
Theorem 13 ([119℄) Let D be a Dira operator on M = S2 with a real-
valued potential U = V whih depends only on the variable x. Then∫
M
U2dx ∧ dy ≥ piN2 (54)
where N = dimH KerD = 12 dimC KerD. These minimuma are ahieved
on the potentials
UN (x) =
N
2 cosh x
.
The proof of this theorem is based on the method of the inverse satter-
ing problem applied to a one-dimensional Dira operator. This quadrati
estimate appeared from the trae formulas by Faddeev and Takhtadzhyan
[38℄.
Before giving the proof of Theorem 13 we expose one of its onse-
quenes, i.e. Theorem 14.
Together with the proof of Theorem 13 we introdued the following
onjeture.
Conjeture 1 ([119℄) The estimate (54) is valid for all Dira operators
on a two-sphere.
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Very soon after the eletroni publiation of [119℄ appeared Friedrih
demonstrated the following orollary of this onjeture:
14
Theorem 14 ([48℄) Let us assume that Conjeture 1 holds. Given an
eigenvalue λ of the Dira operator on a two-dimensional spin-manifold
homeomorphi to the two-sphere S2, the inequality holds
λ2Area(M) ≥ pim2(λ) (55)
where m(λ) is the multipliity of λ.
We remark that due to the symmetry (4) of KerD the multipliity of
an eigenvalue is always even. For the ase m(λ) = 2 the inequality (55)
was proved by Bar [11℄.
Proof of Theorem 14. First we reall the denition of the Dira
operator on a spin-manifold (see [49, 89℄ for detailed expositions).
A spin n-manifold M is a Riemannian manifold with a spin bundle
E over M suh that at eah point p ∈ M there is dened a Cliord
multipliation
TpM × Ep → Ep
suh that
v · w · ϕ+w · v · ϕ = −2(v, w)ϕ, v, w ∈ TpM, ψ ∈ Ep.
We also assume that there is a Riemannian onnetion ∇ whih indues a
onnetion on E. Then the Dira operator is dened at every point p M
as
Dϕ =
n∑
k=1
ek · ∇ekϕ
where e1, . . . , en is an orthonormal basis for TpM and ϕ is a setion of E.
We onsider as an example a two-dimensional spin manifold M with
a at metri. The Cliord algebra Cl2 is isomorphi to H. Thus we have
a C
2
-spin bundle over M (here we identify H with C ⊕ C). For the at
metri on M the Cliord multipliation is represented by the matries
e1 = ex =
(
0 1
−1 0
)
, e2 = ey =
(
0 −i
−i 0
)
.
It is easy to hek that
exey + eyex = 0, e
2
x = e
2
y = −1.
The Dira operator D0 is given by the formula
D0 = ex · ∂x + ey · ∂y = 2
(
0 ∂
−∂¯ o
)
= 2D0
and its square equals to the Laplae operator (up to a sign):
D20 = −∂2x − ∂2y .
14
The onjeture was finally proved by Ferus, Leshke, Pedit, and Pinkall in [43℄ together
with the generalization of (54), the so-alled Pluker formula, for surfaes of higher genera
(we expose that in 5.4).
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For a onformally Eulidean metri eσdzdz¯ the Dira operator takes
the form
D = e−3σ/4D0e
σ/4
(see [13℄). Therefore the eigenvalue problem
Dϕ = λϕ
for the Dira operator assoiated with suh a metri takes the form
D0[e
σ/4ϕ]− λeσ/2[eσ/4ϕ] = 0
whih we rewrite as
(D0 + U)ψ = 0, U = −λe
σ/2
2
, ψ = eσ/4ϕ.
If Conjeture 1 holds we have the inequality∫
M
U2dx ∧ dy = λ
2
4
Area(M) ≥ pi
(
dimCKer (D0 + U)
2
)2
= pi
m2(λ)
4
.
This proves Theorem 14.
Proof of Theorem 13. If the potential U depends only on x the
linear spae of solutions to Dψ = 0 on the sphere S2 = Z ∪ ±∞ =
Rx × S1y ∪∞ is spanned by the funtions of the form ψ(x, y) = ϕ(x)eκy
suh that
Lϕ :=
[(
0 ∂x
−∂x 0
)
+
(
2U 0
0 2U
)]
ϕ =
(
0 iκ
iκ 0
)
ϕ
where e2piκ = −1 (this ondition denes the spin bundle over the sphere,
see [117℄) and ϕ is exponentially deaying as x → ±∞. This means that
ϕ is the bounded state of L, i.e. κ belongs to the disrete spetrum whih
is invariant with respet to the omplex onjugation κ → κ¯. Therefore
dimCD = 2N is twie the number of bounded states meeting the ondition
Imκ > 0.
The trae formula (76) (see Appendix 3) for for p = q = 2U takes the
form ∫ ∞
−∞
U2(x)dx = − 1
4pi
∫ ∞
−∞
log(1− |b(k)|2)dk +
N∑
j=1
Imκj .
Given dimKerD = N , the funtional ∫
M
U2(x)dx∧dy = 2pi ∫∞−∞ U2(x)dx
ahieves its minimum on the potential with the following spetral data:
b(k) ≡ 0, κk = i(2k − 1)
2
, k = 1, . . . , N,
and we have∫
S2
U2(x)dx ∧ dy ≥ 2pi
(
1
2
+
3
2
+ · · ·+ N
2
)
= piN2.
Atually there is N-dimensional family of potentials with suh the spe-
tral data and it is parameterized by λ1, . . . , λN and moreover this family is
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invariant with respet to the mKdV equations. It is easy to show that ev-
ery suh a family ontains the potential UN =
N
2 cosh x
; pN(x) = 2UN (x) =
N/ cosh x is the famous N-soliton potential of the Dira operator.
Theorem 13 is proved.
We see that the equality in (54) is ahieved on some speial spheres
whih are partiular ases of the so-alled soliton spheres introdued in
[119℄. By denition, these are spheres for whih potential of the Dira
operator D is a soliton (reetionless) potential U(x). It is also worth to
selet a speial sublass of soliton spheres distinguished by the ondition
that all poles κ1, . . . ,κN , Imκk > 0, of the transition oeient T (k) are
of the form
(2m+1)i
2
, m ∈ N .
Soliton spheres are easily onstruted from the spetral data via the
inverse sattering method (see (77) in Appendix 3).
We showed in [119℄ that
• the lower estimate (54) ahieves the equality on the soliton spheres
orresponding to the potentials UN =
N
2 cosh x
);
• generially a soliton sphere is not a surfae of revolution. 15
• the lass of soliton spheres is preserved by the mKdV deformations
(note that they are dened by 1+1-equations) for whih the Kruskal
Miura integrals are integrals of the motion;
• soliton spheres orresponding to the potentials UN = N2 cosh x are
desribed in terms of rational funtions,
16
i.e. they an be alled
rational spheres;
• soliton spheres suh that eah pole κj is of the form (2mj+1)i2 are
ritial points of the Willmore funtional restrited onto the lass of
spheres with one-dimensional potentials.
5.4 The Pluker formula
Our attempts to prove Conjeture 1 had failed due to the lak of well-
developed inverse sattering method for two-dimensional operators. How-
ever in a fabulous paper [43℄ this onjeture was proved together with
its generalization for surfaes of arbitrary genera by using methods of
algebrai geometry.
As it was mentioned in [100℄ the following statement an be derived
from the results of [8℄ (see also [56℄):
Proposition 15 Let E be a C2-bundle over a surfae M ψ and let ψ be
a nontrivial setion of E suh that Dψ = 0. Then the zeroes of ψ are
isolated and for any loal omplex oordinate z on M entered at some
zero p of the funtion ψ: z(p) = 0, we have
ψ = zkϕ+O(|z|k+1)
15
Indeed, let us denote by f1 = ϕ1(x)eκ1y , . . . , fn = ϕNe
κNy
the distint generators of
KerD. Then any linear ombination f = α1f1+· · ·+αNfN via the Weierstrass representation
gives rise to a sphere in R3. If there is a pair of nonvanishing oeffiients αj and αk suh that
Imκj 6= Imκk then this sphere is not a surfae of revolution.
16
From the reonstrution formulas (77) it is lear that that holds for all refletionless
potentials.
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where ϕ is a loal setion of E whih does not vanish in a neighborhood
of p. The integer k is well-dened independent of hoie z.
This integer number k is alled the order of the zero p:
ord pψ = k.
Now reall the Gauss equation (see Proposition 1 in 2.1):
αzz¯ + U
2 − |A|2e−2α = 0, eα = |ψ1|2 + |ψ2|2. (56)
For simpliity, we assume that M is a sphere and E is a spin bundle.
If ψ vanishes nowhere then it denes a surfae in R3 and integrating the
left-hand side of (56) over M we obtain∫
M
αzz¯dx ∧ dy +
∫
M
U2dx ∧ dy −
∫
M
|A|2e−2αdx ∧ dy = 0. (57)
By the Gauss theorem, the rst term equals
−1
4
∫
M
(−4αzz¯e−2α) e2αdx ∧ dy = −1
4
∫
M
Kdµ = −pi,
where K is the Gaussian urvature and dµ is the measure orresponding
to the indued metri. Thus we have
17∫
M
U2dx ∧ dy = pi +
∫
M
|A|2e−2αdx ∧ dy ≥ −
∫
M
αzz¯dx ∧ dy = pi.
In general for any surfae and for any setion ψ satisfying Dψ = 0 (i.e.
we do not assume here that ψ does not vanish anywhere) we have∫
M
U2dx ∧ dy = pi(−degE0 +
∑
p
ord pψ) +
∫
M
|A|2e−2αdx ∧ dy ≥
≥ pi(−degE0 +
∑
p
ord pψ)
(see [100℄). The integrand |A|2e−2α has singularities in the zeros of ψ
however the integral onverges and is non-negative.
Returning to the ase of spin bundles over spheres (degE0 = g − 1 =
−1) and assuming that dimH KerD = N we take a point p and hoose a
funtion ψ ∈ KerD suh that ord pψ = dimKer HD− 1 = N − 1. Now we
substitute ψ in (56) and obtain∫
M
U2dx ∧ dy = pi(1 +N − 1) +
∫
M
|A|2e−2αdx ∧ dy ≥ piN.
However this estimate is too rough sine we see from the proof of Theorem
13 that not only the funtion from KerD with the maximal order of zeros
ontributes to lower bounds for the Willmore funtional and it needs to
onsider the ag of funtions.
17
For general omplex quaternioni line bundles L = E0 ⊕ E0 we have
∫
M αzz¯dx ∧ dy =
pi degE0 = pid.
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In [43℄ the deep analogy of this problem to the Pluker formulas whih
relate the degrees and the ramiation indies of the urves assoiated to
some algebrai urve in CPn was disovered. This enables to write down
this ag and ount the ontribution of the whole kernel of D into the
Willmore funtional. Finally this led to the establishing of the estimates
for the Willmore funtional whih are quadrati in dimH KerD.
To formulate the main result of [43℄ we introdue some denitions. Let
H be a subspae of KerD. For any point p we put
n0(p) = min ord pψ for ψ ∈ H.
Then suessively we dene
nk(p) = min ord pψ for ψ ∈ H suh that ord pψ > nk−1(p).
We have the Weierstrass gap sequene
n0(p) < n1(p) < · · · < nN−1(p), N = dimHH,
and a hain of embeddings
H = H0 ⊃ H1 ⊃ · · · ⊃ HN−1
with Hk onsisting of ψ suh that ord pψ ≥ nk(p). Then we dene the
order of a linear system H at the point p as
ord pH =
N−1∑
k=0
(nk(p)− k) =
N−1∑
k=0
nk(p)− 1
2
N(N − 1).
We say that p is a Weierstrass point if ord pH 6= 0.
Now we an formulate the main result of this theory:
Theorem 15 ([43℄) Let H ⊂ KerD and dimHH = N . Then∫
M
U2dx ∧ dy = pi(N2(1− g) + ordH) +A(M), (58)
where the term A(M) is non-negative and redues to the term ∫
M
|A|e−2αdx∧
dy in the ase of (57).
In fat the main result of [43℄ works for Dira operators D with omplex
onjugate potentials U = V¯ 18 on arbitrary omplex quaternioni line
bundles of arbitrary degree d (this is straightforward from the proof) and
explains the term A(M) in the terms of dual urves:∫
M
|U |2dx ∧ dy = pi(N((N − 1)(1− g)− d) + ordH) +A(M),
where g is the genus of M and d = degL = degE0. In Theorem 15 we
assume that d = g − 1, i.e. the ase whih is interesting for the surfae
theory.
For U = 0 we have also A(M) = 0 and the Pluker formula redues to
the original Plker relation for algebrai urves (see, for instane, [52℄):
ordH = N((N − 1)(g − 1) + d).
For g = 0 we have
18
In this ase W =
∫
UV dx ∧ dy =
∫
|U |2dx ∧ dy where W is the Willmore funtional.
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Corollary 4 ([43℄) Conjeture 1 is valid:
∫
U2dx ∧ dy ≥ piN2.
For g ≥ 1 we have an eetive lower bound only in terms of ordH
beause the term quadrati in N vanishes for g = 1 and is negative for
g > 1.
For obtaining eetive lower bounds for the Willmore funtional in [43℄
it was proposed to use some speial linear systems H . Let dimH KerD =
N . We take in KerD a k-dimensional linear system H distinguished by
the ondition that for all ψ ∈ H we have ord pψ ≥ N − k for some xed
point p. The Weierstrass gap sequene at this point meets the inequality
nl(p) ≥ N − k + l, l = 0, . . . , k − 1,
and therefore ord pH ≥ k(N − k). From (58) we have∫
U2dx ∧ dy ≥ pi(k2(1− g) + k(N − k)) = kN − k2g. (59)
If g = 0 then the right-hand side attains its maximum at k = N and
we have the estimate (54).
If g ≥ 1 then the funtion f(x) = xN − x2g attains its maximum at
xmax =
N
2g
. Therefore the right-hand side in (59) attains its maximum
either at k =
[
N
2g
]
or at
[
N
2g
]
+ 1, the integer point whih is losest to
xmax. From that it is easy to derive the rough lower bound valid for all g.
Of ourse for speial ases this bound an be improved as, for instane,
in the ase g = 1:
Corollary 5 ([43℄) We have∫
U2dx ∧ dy ≥ pi
4g
(
N2 − g2) (60)
for g > 1 and ∫
U2dx ∧ dy ≥
{
piN2
4
for N even
pi(N2−1)
4
for N odd
(61)
for g = 1.
The proof of Theorem 14 works straightforwardly for deriving the fol-
lowing orollary.
Corollary 6 ([43℄) Given an eigenvalue λ of the Dira operator on a
two-dimensional spin-manifold of genus g, the following inequalities hold:
λ2Area(M) ≥
{
pim2(λ) for g = 0
pi
g
(m2(λ)− g2) for g ≥ 1,
where m(λ) is the multipliity of λ.
Another important appliation of (61) onerns the lower bounds for
the area of CMC tori in R
3
and minimal tori in S3. One an see from the
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expliit onstrution of the spetral urves (see 4.6) that in both ases
the normalized spetral urves are hyperellipti urves
µ2 = P (λ)
suh that a pair of branh points orrespond to the innities ∞±. There
are also 2g other branh points (here g is the genus of this hyperellipti
urve) at whih the multipliers of Floquet funtions equal ±1 (this is
by the onstrution of the spetral urve). Moreover there are also a
pair of points interhanged by the hyperellipti involution at whih the
multipliers are also ±1 (the tori are onstruted via these Floquet fun-
tions as it is shown in [65℄ and [17℄). Thus we have the spae F with
dimC F = 2g + 2 onsisting of solutions to Dψ = 0 with multipliers ±1.
Let us take 4-sheeted overing M̂ of a torus M whih doubles both peri-
ods. The pullbaks of the funtions from F onto this overing are double-
periodi funtions, i.e. they are setions of the same spin bundle over M̂ .
The omplex dimension of the kernel of D ating on this spin bundle is
at least 2g + 2 and thus dimH KerD ≥ g + 1. Applying (61) we obtain
the lower bounds for
∫ |U |2dx ∧ dy. For CMC tori we have H = 1 and
U = e
α
2
. Thus ∫
M̂
U2dx ∧ dy = 1
4
Area(M̂) = Area(M).
For minimal tori in S3 we have U = − ieα
2
and thus
∫
M̂
|U |2dx ∧ dy =
Area(M). We derive
Corollary 7 For minimal tori in S3 and CMC tori in R3 of spetral
genus g we have the following lower bounds for the area:
Area ≥
{
pi(g+1)2
4
for g odd
pi((g+1)2−1)
4
for g even.
In [43℄ it is remarked that it follows from [65℄ that for minimal tori in
S3 the bound an be improved by replaing g+1 by g+2. Moreover it is
valid for the energy of all harmoni tori in S3 however we do not disuss
the spetral urves of harmoni tori in this paper.
Reently the genus of the spetral urve was applied by Haskins to
ompletely another problem: to study speial Lagrangian T 2-ones in C3
[57℄. He obtained linear (in the genus) lower bounds for some quantities
haraterizing the geometri omplexity of suh ones and onjetured
that these bounds an be improved to quadrati bounds. We note that
the methods of [57℄ are ompletely dierent from methods used in [43℄.
The ontribution of the term ordH is easily demonstrated by soliton
spheres suh that the poles of the transition oeient are of the form
(2l + 1)i/2. In this ase ordKerD ounts the gaps in lling these energy
levels.
Reently the denition of soliton spheres was generalized in the spirit
of the lower estimates for the Willmore funtional: a sphere is alled
soliton if for it the Pluker inequality∫
M
|U |2dx ∧ dy ≥ pi(N2(1− g) + ordH)
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beomes an equality, i.e. A(M) = 0 [102℄.
As it was showed by Bohle and Peters [23℄ this lass ontains many
other interesting surfaes.
Before formulating their result we reall that Bryant surfaes are just
surfaes of onstant mean urvature one in the hyperboli three spae
[26℄. By [23℄, Bryant surfae M in the Poinare ball model B3 ⊂ R3 is a
smooth Bryant end if there is a point p∞ on the asymptoti boundary ∂B3
suh thatM ∪p∞ is a onformally immersed open dis in R3. Generally a
Bryant surfae is alled a ompat Bryant surfae with smooth ends if it is
onformally equivalent to a ompat surfae with nitely many puntured
points at whih the surfae have open neighborhoods isometri to smooth
Bryant ends.
It is learly a generalization of minimal surfaes with planar ends.
We have
Theorem 16 ([23℄) Bryant spheres with smooth ends are soliton spheres.
The possible values of the Willmore funtional for suh spheres are 4piN
where N is positive natural number whih is non-equal to 2, 3, 5, or 7.
As it was mentioned by Bohle and Peters they were led to this theorem
by the observation that the simplest soliton spheres orresponding to the
potentials UN =
N
2 cosh x
an be treated as Bryant spheres with smooth
ends. They also announed that all Willmore spheres are soliton spheres
(we remark that by the results of Bryant and Peng theWillmore funtional
has the same possible values for Willmore spheres as for Bryant spheres
with smooth ends [25, 27, 101℄).
5.5 The Willmore type funtionals for surfaes in
three-dimensional Lie groups
The formula (44) shows that it is reasonable to onsider the funtional
E(Σ) =
∫
Σ
UV dx ∧ dy
for surfaes. For tori it measures the asymptoti atness of the spetral
urve and for surfaes in R
3
it equals E = 1
4
W ([116℄). In [14℄ this
funtional was onsidered for surfaes in other Lie groups and was alled
the energy of a surfae. Although the produt UV is not always real-
valued for losed surfaes the funtional is real-valued and equals
• for SU(2) [122℄:
E =
1
4
∫
(H2 + 1)dµ,
i.e. it is a multiple of the Willmore funtional;
• for Nil [14℄:
E =
1
4
∫ (
H2 +
K̂
4
− 1
16
)
dµ;
• for S˜L2 [14℄:
E(M) =
1
4
∫
M
(
H2 +
5
16
K̂ − 1
4
)
dµ;
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• for surfaes in Sol , sine the potentials have indeterminaies on the
zero measure set, the energy E is orretly dened. However we do
not know until reently its geometri meaning.
We reall that by K̂ we denote the setional urvature of the ambient
spae along the tangent plane to a surfae.
These funtionals were not studied and many problems are open:
1) are they bounded from below (some numerial experiments onrm
that)?
2) what are their extremals?
3) what are the analogs of the Willmore onjeture for them?
Appendix 1. On the existene of the spetral urve
for the Dira operator with L2-potentials
In this appendix we expose the proof of Theorem 10 following [110℄ where,
as we think, the exposition is too short.
Moreover the ideas of the proof of this theorem are essential for prov-
ing the main result of [111℄: the minimum of the Willmore funtional
in a given onformal lass of surfaes is onstruted as follows. We on-
sider the inmum of the Willmore funtional in this lass and take in this
lass a sequene of surfaes (or, more preisely their Weierstrass repre-
sentations) with the values of the Willmore funtional onverging to the
inmum. Then there is a weakly onverging sequene of potentials of the
orresponding Dira operators. The Dira operator with the limit poten-
tial also has a nontrivial kernel (this follows from the onverging of the
resolvents) and the desired minimizing surfae is onstruted from a fun-
tion from this kernel by the Weierstrass representation. Of ourse it is
neessary to ontrol the smoothness whih is possible. However in [111℄ it
is mentioned that one an not say that there are no the absene of branh
points of the limit surfae.
The analog of the deomposition (40) is the following sequene
Lp
(D0−E0)−1−→ W 1p Sobolev
′s embedding−→ L 2p
2−p
multiplication−→ Lp, p < 2. (62)
All operators oming in the sequene are only ontinuous and we an not
argue as in 4.2.
Let M = C/Λ be a torus and z be a linear omplex oordinate on M
dened modulo Λ. Denote by ρ(z1, z2) a distane between points z1, z2 ∈
M in the metri indued by the Eulidean metri on C via the projetion
C→ C/Λ.
The following proposition is derived from the denition of the resolvent
(D0 − E)R0(E) = δ(z − z′)
by straightforward omputations.
Proposition 16 The resolvent
R0(E) = (D0 − E)−1 : L2 →W 12 → L2
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of the free operator D0 : L2 → L2 is an integral matrix operator
f(z, z¯)→ [R0(E)f ](z, z¯) =
∫
M
K0(z, z
′, E)f(z′, z′)dx′dy′, z′ = x′ + iy′,
with the kernel K0(z, z¯, z
′, z′, E) =
(
r11 r12
r21 r22
)
, rik = rik(z, z¯, z
′, z′, E),
where
r12 =
1
E
∂r22, r21 = − 1
E
∂¯r11,
1
E
(∂∂¯+E2)r11 =
1
E
(∂∂¯+E2)r22 = −δ(z−z′).
Corollary 8 The integral kernel of R0(E) equals
K0(z, z
′, E) =
( −EG −∂G
∂¯G −EG
)
,
where G is the (modied) Green on the Laplae operator on the torus M :
(∂∂¯ + E2)G(z, z′, E) = δ(z − z′).
Example. Given a torus M = C/{2piZ + 2piiZ}, we have
δ(z − z′) =
∑
k,l∈Z
ei(k(x−x
′)+l(y−y′)), z = x+ iy, z′ = x′ + iy′,
G(z, z′, E) = −4
∑
k,l∈Z
1
k2 + l2 − 4E2 e
i(k(x−x′)+l(y−y′)). (63)
For other period latties Λ the analog of series (63) for G looks almost the
same and has very similar analyti properties. We do not write it down
and always will refer to (63) when we onsider its analytial properties.
The following proposition is lear.
Proposition 17 The series (63) onverges for E = iλ with λ ∈ R and
λ≫ 0 (i.e. λ suiently large).
For alulating the operator
R0(k,E) = (D0 + Tk − E)−1 : L2 →W 12 embedding→ L2
let us use the following identity
(D0 + Tk −E) = (1 + Tk(D0 −E)−1)(D0 −E) = (1 + TkR0(E))(D0 −E)
whih implies the formula for the resolvent
R0(k,E) = R0(E)(1 + TkR0(E))
−1 = R0(E)
∞∑
l=0
[−TkR0(E)]l (64)
provided that the series in the right-hand side onverges.
Remark. Given p, 1 < p < 2, the symbol
R0(E) = (D0 − E)−1 or R0(k,E) = (D0 + Tk − E)−1
denotes
62
a) an operator A : Lp →W 1p ;
b) a omposition B : Lp → Lq, q = 2p2−p , of A and the Sobolev
embedding W 1p → Lq;
) a omposition C : Lp → Lp of A and the natural embedding W 1p →
Lp.
The ations of these operators are the same on the spae of smooth fun-
tions whih an be onsidered as embedded intoW 1p or Lq (all these spaes
are the losures of the spae of smooth funtions with respet to dierent
norms). Therefore it is enough to demonstrate or prove all neessary esti-
mates only for smooth funtions and that ould be done by using expliit
formulas for the resolvents.
Let us deompose resolvents into sums of integral operators as follows.
We denote by χε the funtion χε(r) =
{
0 for r > ε
1 for r ≤ ε dened for r ≥
0, r ∈ R. Given δ > 0, deompose the resolvent R0(k,E) into a sum of
two integral operators:
R0(k,E) = R
≤ε
0 (k,E) +R
>ε
0 (k, E) : Lp → Lq
where the near part R≤ε0 (k, E) is dened by its kernel
K≤ε0 (z, z¯, z
′, z′, E) = K0(z, z¯, z
′, z′, E)χε(ρ(z, z
′))
and the distant part R>ε0 (k, E) has the following kernel
K>ε0 (z, z¯, z
′, z′, E) = K0(z, z¯, z
′, z′, E)(1− χε(ρ(z, z′))).
Proposition 18 Given p, 1 < p < 2, kˆ = (kˆ1, kˆ2) ∈ C2 and δ, 0 < δ < 1,
there exists a real onstant λ0 >> 0 suh that
‖TkR0(iλ)‖Lp→Lp < δ
for all λ > λ0 and for k suiently lose to kˆ.
Therefore for suh λ and k
1) the series in (64) onverges and denes a bounded operator from
Lp to W
1
p , Lq or Lp (this depends on the meaning of the symbol R0(E)
multiplied from the left with the series);
2) the norm of the operator
R0(k, iλ) : Lp →W 1p
is bounded by some onstant rp;
3) given ε > 0, we have
lim
λ→∞
‖R>ε0 (k, iλ)‖Lp→Lq = 0, q =
2p
2− p .
This proposition follows from the expliit formula (63) for the kernel
of resolvent.
We denote by rinj the injetivity radius of the metri on M and in-
trodue the norms ‖ · ‖2;ε dened for 0 < ε < rinj as follows. Given
U ∈ L2(M), we denote by U |B(z,ε) the restrition of U onto the ball
B(z, ε) = {w ∈M : ρ(z,w) < ε} and dene ‖U‖2;ε as
‖U‖2;ε = max
z∈M
∥∥U |B(z,ε)∥∥2 .
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Proposition 19 1) There are the inequalities√
piε2
vol (M)
≤ ‖U‖2;ε ≤ ‖U‖2
for all U ∈ L2(M).
2) For all C > 0 and ε the sets {‖U‖2;ε ≤ C} are losed and therefore
are ompat in both of the weak and the weak onvergene topologies on
L2(M).
Proof. It is lear that ‖U‖2;ε ≤ ‖U‖2. Moreover we have
‖U‖22;εvol (M) ≥
∫
M
∫
B(z,ε)
|U(z + z′, z¯ + z′)|2dz′dz =
=
∫
M
∫
B(0,ε)
|U(z+z′, z¯+z′)|2dz′dz =
∫
B(0,ε)
[∫
M
|U(z, z¯)|2dz
]
dz′ = piε2‖U‖22
where dz = dx∧ dy, dz′ = dx′ ∧ dy′. The seond statement is known from
a ourse on funtional analysis.
Consider the resolvent
R(k,E) = (D + Tk −E)−1 : Lp → Lp.
We again use an identity
(D + Tk − E) =
[
1 +
(
U 0
0 V
)
(D0 + Tk − E)−1
]
(D0 + Tk − E)
whih implies
R(k,E) = R0(k,E)
∞∑
l=0
[
−
(
U 0
0 V
)
R0(k,E)
]l
.
Proposition 20 Let 1 < p < 2, kˆ = (kˆ1, kˆ2) ∈ C2, ε be suiently small
and 0 < δ < 1. There is γ > 0 suh that∥∥∥∥( U 00 V
)
R0(k, iλ)
∥∥∥∥
Lp→Lp
< δ
for all λ > λ0, k suiently lose to kˆ and U, V with ‖U‖2;ε < γ, ‖V ‖2;ε <
γ.
Proof. We have an obvious inequality
‖R≤ε0 (k,E)‖ ≤ ‖R0(k,E)‖ for all ε.
Let Sp be the Sobolev onstant for the embedding W
1
p → Lq (see Propo-
sition 5). For λ > λ0 we have
‖R0(k, iλ)‖Lp→W1p ≤ rp
(see Proposition 18). Now onsider the omposition of mappings
Lp
R
≤ε
0
(k,E)−→ W 1p embedding→ Lq
×
 U 0
0 V

−→ Lp,
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where the norm of the rst mapping is bounded from above by rp, the
norm of the seond mapping is bounded from above by Sp. Let us ompute
the norm of the third mapping.
Sine the integral kernel of R≤ε0 (k,E) is loalized in the losed domain
{ρ(z, z′) ≤ ε}, for any ball B(x,α) we have[(
U 0
0 V
)
R≤ε0 (k,E)f
] ∣∣∣
B(x,α)
=
[(
U 0
0 V
)
R≤ε0 (k, E)
] (
f |B(x,α+ε)
)
.
Applying the Holder inequality to the right-hand side of this formula we
obtain ∥∥∥∥[( U 00 V
)
R≤ε0 (k,E)f
] ∣∣∣
B(x,α)
∥∥∥∥
p
≤
≤ m‖R≤ε0 (k,E)‖Lp→Lq
∥∥(f |B(x,α+ε)∥∥p ≤≤ mrpSp ∥∥(f |B(x,α+ε)∥∥p
where m = max(‖U‖2;ε, ‖V ‖2;ε). Now we reall the identity∫
M
∥∥gB(x,α)∥∥pp dx = volB(x, α)‖g‖pp = piα2‖g‖pp
and applying it to the previous inequality obtain∥∥∥∥( U 00 V
)
R≤ε0 (k,E)
∥∥∥∥
p
≤ mrpSp
(
1 +
ε
α
)2/p
.
Sine we use the Sobolev onstant Sp for the torus, we have to assume
that (α+ ε) < rinj. If
m = max (‖U‖2;ε, ‖V ‖2;ε) < δ
rpSp
p
√
4
(65)
and α = ε < rinj/2, we have∥∥∥∥( U 00 V
)
R≤ε0 (k,E)
∥∥∥∥
p
< δ.
This proves the proposition.
Proposition 21 ([110℄) Let p and kˆ ∈ C2 be the same as in Proposition
20, let γ < (rpSp
p
√
4)−1 and let λ >> 0, i.e. λ be suiently large. Given
suiently small ε > 0, for U, V suh that ‖U‖2;ε ≤ C ≤ γ, ‖V ‖2;ε ≤ C ≤
γ the series
R(k, iλ) = R0(k, iλ)
∞∑
l=0
[
−
(
U 0
0 V
)
R0(k, iλ)
]l
(66)
onverges uniformly near kˆ and denes the resolvent of operator
D + Tk : Lp → Lp.
The ation of this resolvent on smooth funtions is extended to the resol-
vent of D + Tk on the spae L2:
(D + Tk − E)−1 : L2 →W 12 embedding−→ L2.
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This is a penil of ompat operators holomorphi in k in near kˆ. If
(Un, Vn)
weakly−→ (U∞, V∞) in {‖U‖2;ε ≤ C, ‖V ‖2;ε < C} then the orre-
sponding resolvents onverges to the resolvent of the operator with poten-
tials (U∞, V∞) in the normed topology.
Proof. By Proposition 20 and (65), for λ > λ0 we have∥∥∥∥( U 00 V
)
R≤ε0 (k, iλ)
∥∥∥∥
p
< σ = γrpSp
p
√
4 < 1
near kˆ. By Proposition 18, for suiently large real λ, sine the norm of
the embedding Lq → Lp is bounded, we have∥∥∥∥( U 00 V
)
R>ε0 (k, iλ)
∥∥∥∥
p
< 1− σ.
This implies that for λ >> 0 we have∥∥∥∥( U 00 V
)
R0(k, iλ)
∥∥∥∥
p
≤
∥∥∥∥( U 00 V
) (
R≤ε0 (k, iλ) +R
>ε
0 (k, iλ)
)∥∥∥∥
p
< 1
and the series in (66) uniformly onverges near kˆ and denes the resolvent
of D + Tk : Lp → Lp.
The ation of R(k, iλ) on smooth funtions is given by (66) and we
extend it to a ompat operator on L2 as follows. Put
B =
∞∑
l=0
[
−
(
U 0
0 V
)
R0(k, iλ)
]l
and onsider the following omposition of operators
L2
embedding−→ Lp B→ Lp (D+Tk−E)
−1
−→ W 1p embedding−→ L2
where all operators are bounded and the embeddingW 1p → L2 is ompat
by the Kondrashov theorem (see Proposition 5). This shows that the
ation of R(k, iλ) on smooth funtions is extended to a ompat operator
on L2. Sine the series (66) is holomorphi in k the resolvent R(k, iλ) is
also holomorphi in k.
Now we are left to prove that the resolvent is ontinuous in U and V .
Every entrane of the matrix
(
U 0
0 V
)
in any term of (66) is dressed
from both sides by the resolvents R0(k, iλ) whih are bounded integral op-
erators. Let l = 1 and let K(z, z′, k, iλ) be the kernel of suh an operator.
Then the omposition
R0(k, iλ)
(
U 0
0 V
)
R0(k, iλ)
ats on smooth funtions as the integral operator with the kernel
F (z, z′′) = K(z, z′, k, iλ)
(
U(z′) 0
0 V (z′)
)
K(z′, z′′, k, iλ).
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Obviously suh an integral operator is ontinuous with respet to the
weak onvergene of potentials U, V ∈ L2(M). For other values of l the
proof is analogous. By Proposition 19, every term of the series (66) is
ontinuous with respet to the weak onvergene of potentials {‖U‖2;ε ≤
C, ‖V ‖2;ε ≤ C}. Sine the series (66) uniformly onverges, the same
ontinuosity property holds for the sum of the series. This proves the
proposition.
This proposition establishes the existene of the resolvent only for large
values of λ where E = iλ. The resolvent is extended to a meromorphi
funtion onto the E-plane by using the Hilbert formula (see Proposition
6).
Proof of Theorem 10. By Proposition 21 there are k0 ∈ C2 and
E ∈ C suh that the operator
(D + Tk0 − E0)−1 : L2 →W 12
embedding−→ L2
is orretly dened. Let us substitute the expression ϕ = (D+Tk0−E)−1f
into the equation
(D + Tk − E)ϕ = 0
and rewrite this equation in the form
(D+Tk0−Tk0+Tk−E0+E0−E)(D+Tk0−E0)−1f = [1 + AU,V (k,E)] f = 0
where
AU,V (k, E) = (Tk − Tk0 +E0 −E)(D + Tk0 −E)−1.
Sine the rst multiplier in this formula is a bounded operator for any k, E
and the seond multiplier is a ompat operator, AU,V (k,E) is a penil
of ompat operators whih is polynomial in k and E. By applying the
Keldysh theorem as in 4.2 we derive the theorem.
Now the spetral urve is dened as usual by the formula
Γ = Q0(U, V )/Λ
∗.
Remark. The resolvents of operators on nonompat spaes does not
behave ontinuously under the weak onvergene of potentials. Indeed,
onsider the Shrodinger operator
L = − d
2
dx2
+ U(x)
where U(x) is a soliton potential (so the operator does have bounded
states). The isospetral sequene of potentials UN (x) = U(x+N) weakly
onverges to the zero potential U∞ = 0 for whih the Shrodinger operator
has no bounded states. The same is true for the one-dimensional Dira
operator.
Appendix 2. The onformal Gauss map and the
onformal area
In this appendix we expose the known results on the Gauss onformal
mapping mostly following [25, 36, 44℄.
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We denote by Sq,r the round sphere of radius r in R
3
and with the en-
ter at q and denote by Πp,N the plane, in R
3
, passing through p and with
the normal vetor N . All suh spheres and planes in R3 are parameterized
by a quadri Q4 ⊂ R4,1. Indeed, let
〈x, y〉 = x1y1 + · · ·+ x4y4 − x5y5
be an inner produt in R
4,1
. Put
Q4 = {〈x, x〉 = 1} ⊂ R4,1,
Sq,r → 1
r
(
q,
1
2
(|q|2 − r2 − 1), 1
2
(|q|2 − r2 + 1)
)
,
Πq,N → (N, 〈q,N〉, 〈q,N〉).
Given a surfae f : Σ→ R3, its onformal Gauss map
Gc : Σ→ Q4
orresponds to a point p ∈ Σ a sphere of radius 1
H
whih touhes the
surfae at p for H 6= 0:
Gc(p) = Sp+N/H,1/H,
and it orresponds to a point the tangent plane at this point for H 6= 0.
In terms of the oordinates on Q4 it is written as
Gc(p) = H ·X + T
where
X =
(
f,
(f, f) − 1
2
,
(f, f) + 1
2
)
, T = (N, (N, f), (N, f)).
This mapping is a speial ase of so-alled sphere ongruenes whih is
one of the main subjets of onformal geometry (the reent statement of
this theory is presented in [64℄).
We have 〈X,X〉 = 0, 〈T, T 〉 = 1, and 〈X,T 〉 = 0 whih implies that
〈dX,X〉 = 〈dT, T 〉 = 0, 〈dT,X〉 = 〈−dX, T 〉. It is easily heked that
〈dX, T 〉 = (df,N) = 0, 〈dX,DX〉 = (df, df) = I,
〈dX, dT 〉 = (df, dN) = −II, 〈dT, dT 〉 = (dN, dN) = III,
where the third fundamental form III of a surfae measures the lengths
of images of urves under the Gauss map and meets the identity
K · I− 2H · II+ III
whih relates it to I and II, the rst and the seond fundamental forms
of a surfae. It implies that
〈Yz, Yz〉 = 〈Yz¯, Yz¯〉 = 0, 〈Yz, Yz¯〉 = eβ = (H
2 −K)e2α
2
= (H2−K)(fz, fz¯)
where for brevity we denote Gc by Y , z is a onformal parameter on
the surfae, and I = e2αdzdz¯ is the indued metri on the surfae. We
onlude that
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• the onformal Gauss map is regular and onformal outside umbili
points.
It is lear thatX and Y are linearly independent. Outside umbilis the
set of vetors Y, Yz, Yz¯, and X is uniquely ompleted by a vetor Z ∈ R5
to a basis
σ = (Y, Yz, Yz¯, X, Z)
T
for C
5
, the omplexiation of R
5
, suh that the inner produt in R
4,1
takes the form 
1 0 0 0 0
0 0 eβ 0 0
0 eβ 0 0 0
0 0 0 0 1
0 0 0 1 0
 .
The analogs of the GaussWeingarten equations are
σz = Uσ, σz¯ = Vσ,
U =

0 1 0 0 0
0 βz 0 C2 C1
−eβ 0 0 C4 C3
0 −e−βC3 −e−βC1 C5 0
0 −e−βC4 −e−βC2 0 −C5
 ,
V =

0 0 1 0 0
−eβ 0 0 C4 C3
0 0 βz¯ C¯2 C¯1
0 −e−βC¯1 −e−βC¯3 C¯5 0
0 −e−βC¯2 −e−βC¯4 0 −C¯5

with
C1 = 〈Yzz, X〉4,1, C2 = 〈Yzz, Z〉4,1, C3 = 〈Yzz¯, X〉4,1,
C4 = 〈Yzz¯, Z〉4,1, C5 = 〈Xz, Z〉4,1.
It is heked by straightforward omputations that
∆Y + 2(H2 −K)Y = (∆H + 2H(H2 −K))X
whih, in partiular, implies
C3 = 0, C4 =
e2α
4
(∆H + 2H(H2 −K)).
Here ∆ = 4e−2α∂∂¯ stands for the LaplaeBeltrami operator on the sur-
fae. Taking this into aount and keeping in mind that C4 is real-valued,
we derive the Codazzi equations for the onformal Gauss map:
βzz¯ + e
β − (C¯1C2 + C1C¯2)e−β = 0,
C1z¯ = C1C¯5,
C2z¯ +C2C¯5 = C4z − βzC4 + C4C5,
C5z¯ − C¯5z = e−β(C1C¯2 − C¯1C2).
(67)
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By straightforward omputations, we obtain
C1 = A = 〈N, fzz〉, eβ = 2|A|2e−2α.
The onformal area V c of Σ is the area of its image in Q4:
V c(Σ) =
∫
Σ
(H2 −K)dµ
where dµ is the volume form on Σ. The Euler-Lagrange equation for V c
is
∆H + 2H(H2 −K) = 0.
A surfae in R
3
is alled onformally minimal (or Willmore surfae), if it
satises this equation. We onlude that
• onformally minimal surfaes are exatly surfaes whose Gc-images
are minimal surfaes in Q4.
Given a non-umbili point p ∈ Σ, the tangent spae to Q4 at Y (p) is
spanned by Yz, Yz¯, X, and Z. We see that Y is onformally harmoni, i.e.,
∆Y is everywhere orthogonal to tangent planes to Q4, if and only if the
surfae is onformally minimal.
It follows from the GaussWeingarten equations for Gc and the Euler
Lagrange equation for V c that if Σ is onformally minimal, i.e. C4 = 0,
then the quarti dierential
ω = 〈Yzz, Yzz〉 (dz)4 = C1C2 (dz)4
is holomorphi.
We reall that a holomorphi quarti dierential on a 2-sphere van-
ishes: ω = 0, and any suh a dierential on a torus is onstant: ω =
const · (dz)4.
A minimal surfae in Q4 is alled superminimal if ω = 0.
We put
ϕ = log
C¯1
C1
.
We notie that C1 ≡ 0 only for a surfae onsisting of umbilis and,
by the Hopf theorem, this is a domain in a round sphere in R
3
or in the
plane.
If ω ≡ 0 and C1 6= 0 then C2 ≡ 0 and the GaussCodazzi equations
for the onformal Gauss mapping redue to
βzz¯ + e
β = 0, ϕzz¯ = 0.
The rst of these equations is the Liouville equation and the seond one
is the Laplae equation. These equations desribe superminimal surfaes
whih are not umbili surfaes.
Let us onsider the ase when a onformally minimal surfae is not
superminimal. Loally by hanging a onformal parameter we ahieve
that
1
2
〈Yzz, Yzz〉4,1 = C1C2 = 1
2
.
Then the GaussCodazzi equations take the form
βzz¯ + e
β − e−β coshϕ = 0, ϕzz¯ + e−β sinhϕ = 0,
whih is the four-partile Toda lattie.
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Appendix 3. The inverse spetral problem for the
Dira operator on the line and the trae formulas
Here being mostly oriented to geometers we expose some fats whih are
neessary for proving Theorem 13 and introduing soliton spheres in 5.4.
The inverse sattering problem for the Dira operator on the line was
solved in [138℄ similarly to the same problem for the Shrodinger operator
−∂2x + u(x) [37℄ (see also [94℄).
We onsider the following spetral problem, i.e. the ZakharovShabat
problem,
Lψ =
(
0 ik
ik 0
)
ψ (68)
where
L =
(
0 ∂x
−∂x 0
)
+
(
p 0
0 q
)
. (69)
We assume that the potentials p and q are fast deaying as x→ ±∞.
It is lear from the proofs that it is enough to assume that p(x) and q(x)
are exponentially deaying.
For p = q = 0 for eah k ∈ R \ {0} we have a two-dimensional spae
of solutions (free waves) spanned by the olumns of the matrix
Φ0(x, k) =
(
0 e−ikx
eikx 0
)
.
For nontrivial p and q for eah k ∈ R\{0} we have again a two-dimensional
spae of solutions whih are asymptoti to free waves when x → ±∞.
These spaes are spanned by the so-alled Jost funtions ϕ±l , l = 1, 2. For
dening these funtions we onsider the matries Φ+(x, k) and Φ−(x, k)
satisfying the integral equations
Φ+(x, k) = Φ0(x, k) +
∫ +∞
x
Φ0(x− x′, k)
(
p 0
0 q
)
Φ+(x′, k) dx′,
Φ−(x, k) = Φ0(x, k) +
∫ x
−∞
Φ0(x− x′, k)
(
p 0
0 q
)
Φ−(x′, k) dx′.
These equations are of the form Φ± = Φ0+A±Φ± where A± are operators
of the Volterra type and therefore eah of these equations has a unique
solution given by the Neumann series Φ±(x, k) =
∑∞
l=0
(
A±
)l
Φ0(x, k).
The olumns of Φ± are the Jost funtions ϕ±l , l = 1, 2. We see that by the
onstrution the Jost funtions behave asymptotially as the free waves:
ϕ±1 ≈
(
0
eikx
)
, ϕ±2 ≈
(
e−ikx
0
)
as x→ ±∞.
By straightforward omputations it is obtained that
• given a pair of solutions θ =
(
θ1
θ2
)
and τ =
(
τ1
τ2
)
to (68), the
Wronskian W = θ1τ2 − θ2τ1 is onstant. In partiular, we have
detΦ±(x, k) = −1. (70)
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In the sequel we assume that the potentials p and q are omplex on-
jugate:
p = q¯.
It is also heked by straightforward omputations that the transfor-
mation
ψ =
(
ψ1
ψ2
)
→ ψ∗ =
( −ψ¯2
ψ¯1
)
(71)
maps solutions to (68) to solutions of the same equation. In partiular,
it follows from the asymptotis of the Jost funtions that they are trans-
formed as follows
ϕ±1
∗−→ −ϕ±2 , ϕ±2 ∗−→ ϕ±1 . (72)
Sine the Jost funtions ϕ+l , l = 1, 2, and ϕ
−
l , l = 1, 2, give bases for
the same spae, they are related by a linear transform(
ϕ−1
ϕ−2
)
= S(k)
(
ϕ+1
ϕ+2
)
.
It follows from (70) that detS(k) = 1 and we derive from (72) that
• the sattering matrix S(k) is unitary: S(k) ∈ SU(2), i.e.
S(k) =
(
a(k) −b(k)
b(k) a(k)
)
, |a(k)|2 + |b(k)|2 = 1.
The following quantities
T (k) =
1
a(k)
, R(k) =
b(k)
a(k)
are alled the transmission oeient and the reetion oeient respe-
tively. The operator L is alled reetionless if its reetion oeient
vanishes: R(k) ≡ 0.
The vetor funtions ϕ−1 e
−ikx
and ϕ+2 e
ikx
are analytially ontinued
onto the lower half-plane Im k < 0, and the vetor funtions ϕ−2 e
ikx
and
ϕ+1 e
−ikx
are analytially ontinued onto the upper half-plane Im k > 0.
Without loss of generality it is enough to prove that for ϕ−1 e
−ikx
. This
funtion satises the equation of the Volterra type
f(x, k) =
(
0
1
)
−
∫ x
−∞
(
0 −e−2ik(x−x′)
1 0
)(
p 0
0 q
)
f(x′, k)dx′
and sine the integral kernel deays exponentially for Im k < 0 the Neu-
mann series for its solution onverges in this half-plane.
This implies that
• T (k) is analytially ontinued onto the upper-half plane Im k ≥ 0.
It is shown that
• a(k) vanishes nowhere on R \ {0};
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• the poles of T (k) orrespond to bounded states, i.e., to solutions to
(68) whih deay exponentially as x → ±∞. These solutions are
ϕ+1 (x,κ) and ϕ
−
2 (x,κ) where a(κ) = 0 and, therefore,
ϕ−2 (x,κ) = µ(κ)ϕ
+
1 (x,κ), µ(κ) ∈ C, (73)
and the multipliity of eah eigenvalue κ equals to one;
• T (k) has only simple poles in Imk > 0 and for exponentially deay-
ing potentials there are nitely many suh poles;
• sine the set of solutions to (68) is invariant under (71), the disrete
spetrum of L is preserved by the omplex onjugation κ → κ¯ and
is formed by the poles of T (k) and their omplex onjugates.
The spetral data of L onsist of
1) the reetion oeient R(k), k 6= 0;
2) the poles of T (k) in the upper-half plane Imκ > 0: κ1, . . . ,κN ;
3) the quantities λj = iγjµj , j = 1, . . . , N , where γj = γ(κj) is the
residue of T (k) at κj and µj = µ(κj) (see (73)).
If the potential p = q¯ is real-valued then
ϕ±j (x,−k) = ϕ±j (x, k) for k ∈ R \ {0}
and this implies that
a(k) = a(−k), R(k) = R(−k), T (k) = T (−k¯),
the poles of T (k) are symmetri with respet to the imaginary axis, and
λj = λ¯k for κj = −κ¯k.
Now by applying the Fourier transform (with respet to k) to both
sides of the equality
T (k)ϕ−2 = R(k)ϕ
+
1 + ϕ
+
2 (74)
after some substitutions we write the equations (74) for the omponents
of the vetor funtions in the form of the GelfandLevitanMarhenko
equations
B2(x, y) +
∫ +∞
x
B1(x, x
′)Ω(x′ + y) dx′ = 0,
Ω(x+ y)−B1(x, y) +
∫ +∞
x
B2(x, x
′)Ω(x′ + y) dx′ = 0
for B1 and B2 with
Ω(z) =
1
2pi
∫ +∞
−∞
R(k)e−ikz dk −
N∑
j=1
λje
iκjz
where y > x and there are the following limits
lim
y→∞
Bk(x, y) = 0, lim
y→x+
Bk(x, y) = Bk(x, x), k = 1, 2,
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These equations are the Volterra type and are resolved uniquely. The
reonstrution formulas for the potentials are as follows:
p(x) = −2B1(x, x), p(x)q(x) = p(x)p(x) = 2dB2(x, x)
dx
. (75)
See the detailed derivation of this formulas from [138℄, for instane, in [1℄.
In the sequel, for simpliity, we assume that the potential p(x) is real-
valued.
In [38℄ a series of formulas expressing the Kruskal integrals in terms of
the spetral data, i.e. the so-alled trae formulas, is derived. We mention
only the formula for the rst nontrivial integral:∫ ∞
−∞
p2(x)dx = − 1
pi
∫ ∞
−∞
log(1− |b(k)|2)dk + 4
N∑
j=1
Imκj . (76)
For reetionless operators the reonstrution proedure redues to
algebrai equations (see details, for instane, in [138, 1, 119℄). The spetral
data onsist of the poles κk and the orresponding quantities λj , j =
1, . . . , N . Put
Ψ(x) = (−λ1eiκ1x, . . . ,−λNeiκNx),
Mjk(x) =
λk
i(κj + κk)
ei(κj+κk)x, j, k = 1, . . . , N.
We have
p(x) = 2
d
dx
arctan
Im det(1 + iM(x))
Re det(1 + iM(x))
,
ϕ+1 (x, k) =
( 〈Ψ(x) · (1 +M2(x))−1|W (x, k)〉
eikx − 〈Ψ(x) · (1 +M2(x))−1M(x)|W (x, k)〉
)
(77)
where 〈u|v〉 = u1v1 + · · ·+ uNvN and
W (x, k) =
(
i
κ1 + k
ei(κ1+k)x, . . . ,
i
κN + k
ei(κN+k)x
)
.
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